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This note is a summary of the Stochastic PDEs reading course with Professor
Konstantin Matetski at Michigan State University, conducted from Summer
2025 to Fall 2025.

The primary reference is [Hairer(2009)]. Most of the material (about 95%)
follows this reference closely. The remaining portions (about 5%) consist of
the author’s own additions, written in an attempt to bridge gaps in his own

understanding, particularly in probability and functional analysis.

1 Gaussian Measures Theory

This section is devoted to the theory of Gaussian measures on Banach spaces.
In most cases, we will work with a separable Banach space, denoted by B. This

means that B contains a countable dense subset.

1.1 Definitions and Basic Properties
Recall the following definition of Gaussian measures on R.

Definition 1.1. A probability measure p on R is called a Gaussian measure
if either

(i) p = 0y, for some m € R, or

(ii) w is absolutely continuous with respect to the Lebesgue measure, with

density
flx) =

for some m € R and ¢ > 0.

In the second case, we write p = N(m, ¢), where m is the mean and ¢ is the

variance. A Gaussian measure is called centered if m = 0.

A Gaussian measure on R" is characterized by the property that every one-
dimensional projection is Gaussian. This viewpoint extends naturally to Banach
spaces.

Let (X7,A41) and (X3, .A2) be measurable spaces, T : X1 — X measurable,
and g a measure on (X1,.A4;). The push-forward measure 7%y on (X, As)
is defined by

T u(A) = w(T1(A)), Ac A,



We have also the following change-of-variables formula: for every measurable
function f: Xo — C,

[ 50 Tiutay) - /X £ (T (@) p(de).

Now, let us define Gaussian measures on Banach spaces.

Definition 1.2. A probability measure p on a separable Banach space B is
called a Gaussian measure if for every ¢ € B*, the push-forward measure ¢!

is a Gaussian measure on R. We call i centered if /*1 is centered for every
e B

Throughout these notes, we assume that all Gaussian measures are centered
unless stated otherwise. For this definition to be well posed, we need to know
that the family (¢%u)sep- determines the measure p. This is a consequence of

the following theorem, whose proof will be omitted.

Theorem 1.3. Let p and v be two probability measures on a separable Banach
space B. If tfp = (fv for every € € B*, then u=v.

The covariance operator C}, is the infinite-dimensional analogue of a covari-

ance matrix: it records the covariance of every pair of linear observations ¢1 (X)
and f5(X).

Definition 1.4. Let p be a centered Gaussian measure on B. The covariance
operator C), : B* x B* — R is defined by

Cﬂ(gl,gg) = /851(;10)62(:@ M(dl’), 61,82 c B*.

Remark. Given a Gaussian measure i on B, let X be a random variable with

distribution p. For every ¢1, 5 € B*, we have
C,u(glv 62) = E[el (X)£2 (X)]
Remark. We can identify C,, with an operator C’u : B* — B** by setting

Cull)(l2) = Culy, b)),  l1,l3 € B".

In the case where B = R", the Fourier transform of a centered Gaussian



measure y is given by

i) = / GOV u(dy), @ e R™

This formula extends naturally to Banach spaces as follows.

Definition 1.5. Let u be a centered Gaussian measure on a separable Banach

space B. The Fourier transform of u is the function i : B* — C defined by

) = / ¢4 y(dz), L€ B
B

The Fourier transform of a centered Gaussian measure on a Banach space

has the following explicit form.

Theorem 1.6. Let u be a centered Gaussian measure on a separable Banach

space B. Then, for every £ € B*,

i(0) = exp (-iq&z,e)) . (1.1)

Proof. Let us first consider the case where B =R and p = N (0,q). Let X be a
random variable with distribution p. Then

E[ iX] / 1T 1 e < :C2> d
e = € —€X —_ Xr
v VEma P\ 2
1 (xiq)2>
ex _—— dl‘
/]R V271q P ( 2q

Now let B be a separable Banach space and let y be a centered Gaussian measure

e

[N

Il
99
[N

on B. Fix ¢ € B*, and let X be a random variable with distribution p. By
definition, the random variable £(X) has distribution #*;z = N(0, ¢). Note that

Cut.t) = [ ta)? ulas) = EIEX)) = o

Thus,
. i _g 1
i(f) = B[] = 7% = exp (—ZCM(E,E)) .

This completes the proof. O



Remark. Tt is well known that if X ~ A(0,q), then for every ¢t € R,
X at®
Efe!*] =ez .

The proof of this fact is similar to that of Theorem [1.6
The Fourier transform of a probability measure on B uniquely determines

the measure.

Theorem 1.7. Let i and v be two probability measures on a separable Banach
space B. If i(€) = 0 (L) for every £ € B*, then p=v.

1.2 Fernique’s Theorem

This section is devoted to Fernique’s theorem. It shows that a Gaussian measure
on a separable Banach space satisfies an exponential integrability estimate. As
a consequence, Gaussian measures have exponentially decaying tails and finite
moments of all orders.

We need the following lemma.
Lemma 1.8. Let p be a centered Gaussian measure on B. For every ¢ € R,
define the rotation Ry, : B*> — B? by
Ry(z,y) = (zsing + ycosp, xcosp —ysiny).
Then,
RE(n®p) = p @ p.

Proof. By Theorem it suffices to show that for every (¢1,¢3) € (B*)?, one

has

——

B ® [0y, b)) = RE (@ p) (01, ).

For (z,y) € B?, denote (z',y') = R,(x,y). For (¢1,05) € (B*)?, set
0 =y sinp + £y cos o, 0y = {1 cos — Uy sin .

By Theorem (1.6}

R /B HO@HEW) |y (dr)(dy)

2

= )i = exp( 500100 - 3C(ea 8.



Similarly,

—

R (1@ ) (61, ) = / ) () dy)
82
= /32 e @HEW) |y (da) p(dy)
1 ! / 1 ! U
= exp —iC“(éhﬁl) — 56’“(82762) .
A direct computation using bilinearity and symmetry of C), shows that
C;t(glvgl) + CM(EQJQ) = CM( /17£/1) + Cu( /276/2)-

Therefore the Fourier transforms coincide, which concludes the proof. O

The next theorem is Fernique’s theorem. It states that a Gaussian measure

on a separable Banach space satisfies an exponential integrability estimate.

Theorem 1.9 (Fernique’s Theorem). Let u be a centered Gaussian measure on

a separable Banach space B. Then, there exists a > 0 such that

/Bexp (af|z)|?) p(dz) < oo.
Proof. Let t > 7 > 0 and set
A= {(z,y) € B :|lzf| > t, [ly] < 7}
Applying Lemma with ¢ = 7/4, we obtain
(1 )(4) = (3 ® ) (RZ 1 (4))

:%u®M{@w%H?;;H>L

7<)
=21+

Equivalently,

(1@ )(A) = /| o /| o, M)

By the triangle inequality,

min{{[z|, [ly[[} = 3 (l= + yll = lz = y[))-

N |



Hence, on the set {||z +y|| > V2t, ||z — y| < V27}, we have

t—T

N

t—T7
|z|| > —= and [y[| >

V2

Therefore,

t—T1 2
(1@ 1)(A) < /|w|> |y|>t¢gu(dw)u(dy)—u(fcll>> .

V2

t—T

V2

On the other hand,

(n @ p)(A) = p(llz] > ) p(llz]] < 7).

Combining these two bounds yields

u(lell > &) ullle] < 7) <u(||x| > t;{) | (1.2)

Choose 7 > 0 such that p(||z|| < 7) > 3/4. Set to = 7 and define recursively
tpt1 = \/itn + 7, n 2> 0.

Applying (1.2) with ¢t = ¢,,41 gives

2
1 t +1— T 4
ulllz] > tose) < u(lIx > ) < S ullel > ta)2

plllzll < 7) V2

Let
4
Yn = gﬂ(”ﬂv"” > th).

2
n

Then y,1+1 <y and, since p(||z] > 7) < 1/4, we have yo < 1/3. Hence,
3 3 gn 3 __ogn
[L(”Z‘H > tn) = Eyn < Eyg < 13 2"

Moreover, one checks that

(v - 1

i1 <2224 V2)r <5227

t, =



2
t'n

5ET and therefore

In particular, 2™ >

3, on _ 3, 2052 3 log 3 t2
< — < — n T = — — _n .
p(llzll > tn) < 1 377 < 1 3 1P 95 72

Consequently, there exists o > 0 such that for every ¢t > 7,

t2
ullell > ) < exp(—za ) .

Integrating by parts, we obtain

2 2 oo
/ eXp<a|:g”> pldr) < e + T%/ e/ (|l > t) dt
B

T

<e“+ Qa/ te " dt < co. (1.3)
1

O

There are a few important consequences of Fernique’s theorem. Most no-
tably, Gaussian measures on separable Banach spaces have finite moments of

all orders, i.e., for every p > 0,

/ P u(d) < oo.
B

In fact, the result can be stronger, we can bound the even moments in terms of

the first moment.

Corollary 1.10. There exist universal constants o, K > 0 with the following
properties. Let p be a centred Gaussian measure on a separable Banach space B
and let f : Ry — Ry be any measurable function such that f(z) < Cyexp (axQ)
for every x > 0. Define furthermore the first moment of u by M = [z ||z p(dx).
Then, one has the bound [ f(||lx||/M)p(dz) < KCj.

In particular, the higher moments of p are bounded by [4 |||*"p(dz) <
n!Ka "M,

Proof. Consider 7 = 4M in equation (|1.3). Then, we have

a f=|?
K:/Bexp <16 Ve p(dx) < oo.

Now, let ap = {§. For any measurable function f : Ry — Ry such that




f(z) < Cyexp (aoxz) for every x > 0, we have

Flel/Mutdn) < €5 [ exp (aolZY uiar)
A fyeww (o'
- KOy,

which proves the corollary. O

The fact that second moments are finite implies that the covariance form C,,

is a bounded bilinear form on B* x B*.

Corollary 1.11. There exists a constant ||C|| < oo such that C, (¢,{') <
ICLI NN for any €,¢ € B*. Furthermore, the operator C,, is a continuous

operator from B* to B.

Proof. By definition of C), and Cauchy-Schwarz inequality, we have

Cu(0.0) = [ @) @i

<(/ aw)?u(dx))m (/. e’<x>2u<dx>)l/2

S/BHIHZM(d’I)WH 1€])-

The fact that éu is continuous follows directly from the boundedness of C,. To

check the range of Ou is in B, we just note that we have identity
Cu(t) = [ attaputin),

and it is clear that ||C,,(¢)]| < oo. O

When the Banach space B is a Hilbert space H, the covariance operator CA‘H
can be identified with a trace-class operator on H. In this case, the covariance
operator is defined by the relation C,(h, k) = (C’uh, k) for any h,k € H.

Corollary 1.12. Let p be a centred Gaussian measure on a separable Hilbert

space H. Then, the covariance operator CA’;L :H — H is trace class and one has

[ i) = 1 (6,).

identity



Conversely, for every positive trace class symmetric operator K on H, there

exists a centred Gaussian measure p on H such that C,=K.

Proof. Fix an orthonormal basis {e,},.n of H. By Fernique’s theorem, the

second moment of y is finite and we have

0 (6) - 53 (Gone) - By e

neN ne
= 61’2 X)) = SU2 ).
%/Hu,mu) /Hn 12 u(d)

Conversely, let K be a positive trace class symmetric operator on H. By the
spectral theorem, there exists an orthonormal basis {e,}, n of H and a se-

quence of nonnegative real numbers {\,}, cn; such that > An < oo and
Ke, = \nep, n € N.

Take a sequence of i.i.d. N'(0,1) random variables {{,}, . defined on a prob-
ability space (2, F, P). Define the random variable X,, : @ — H by

Xn(w) = Z \/Egk(w)eka w € (.
k=1

Then, since we have

E [||X,|*] = E

ZM&%} =Y M <o,
h=1 k=1

the sequence {X,,}, . converges in mean square, so that it has a subsequence

that converges almost surely to a random variable X : © — #H. Let p be the

10



distribution of X. Now, for any h, k € H, we have

Cﬂ(ha k) = ]E[<h’ X><k’ X>]
= lim E[<h,Xn> <k,Xn>}

= lim 3 VANE[EE] (B i) (k,e5)
i,j=1

= nh—>H;o Z)‘i (h,ei) (k,e;)

=1

= (Kh, k).

Thus, we have C’u = K, which concludes the proof. O

1.3 Kolmogorov’s Continuity Theorem

In this subsection, we present Kolmogorov’s continuity theorem. Let B =
C([0,1]¢,R) denote the space of continuous functions from [0, 1]¢ to R. Equipped

with the supremum norm

[flloc = sup_[f(2)],

z€[0,1]4

it is a separable Banach space.

By the Riesz-Markov theorem, its dual space can be identified with
¢((0,1)%,R)" = M([0,1]%),

the space of finite signed Borel measures on [0,1]¢. For f € C(]0,1]¢,R) and
v € M([0,1]%), the duality pairing is

= [ @),

Let u be a centered Gaussian measure on C([0, 1]¢,R). Its covariance oper-

ator

O, M([0,1]%) x M([0,1]%) - R

is defined by
Colv /) = / o) (o) ().
C([0,1]4,R)

11



In particular, for z,y € [0, 1],

@wm%wa/ (f.62) (.8) pldf)

C([0,1]4,R)

::/ £(@) £(y) p(df).
C([0,1]4,R)

For brevity, we write C,(x,y) instead of C,(0z,dy).

The Kolmogorov continuity theorem gives sufficient conditions for a function
C :10,1]¢ x [0,1]7 — R to be the covariance function of a centered Gaussian
measure on C([0, 1]4,R).

Theorem 1.13 (Kolmogorov’s Continuity Theorem). Ford > 0, let C : [0,1]¢x
[0,1]7 — R be a symmetric function such that, for every finite collection {x;};",
of points in [0,1]¢, the matriz Cij = C (zi, x;) is positive definite. If furthermore
there exists a > 0 and a constant K > 0 such that C(z,z)+C(y,y) —2C(z,y) <
K|z — y|** for any two points z,y € [0,1]¢ then there exists a unique centred

Gaussian measure ;1 on C ([0,1]%,R) such that
[ @) = )
Cc([0,1]¢,R)

for any two points x,y € [0,1]9. Furthermore, for every 3 < «, one has
i (CB ([O, 1]d,R)) =1, where CP ([0, 1]d,R) is the space of B-Holder continuous

functions.
Example 1.14. Let B = C([0,1],R) and define

C:[0,1] x [0,1] = R, C(z,y) =z Avy.

To apply Kolmogorov’s continuity theorem, we need two facts about C. First,
it must be positive semidefinite. Second, its increments must satisfy a suitable
bound.

For the first point, fix x1,...,2, € [0,1] and aq,...,a, € R. Consider the

indicator functions

git) = 1pey(B),  G(t) = aigi(h),

12



A direct computation shows that

1
(9i95) 2(10.11) :/0 10,2, () 10,0, (t) dt = i Az,

and therefore

> aia; Clai,xg) = Y aiaj(wi Axy) = |Gl 720,19 = 0-

ij=1 ij=1

So C is positive semidefinite.

Next we check the increment bound. For any z,y € [0, 1],

C(z,z) +Cy,y) —2C(z,y) = +y —2(x Ay) =[x —y|.

In particular, for every a € (0, 1] we have |z — y| < |z — y|*>, so the required
estimate holds.

With these two checks in hand, Kolmogorov’s continuity theorem applies and
yields a unique centred Gaussian measure p on C([0, 1], R) whose covariance is

C(z,y) = x Ay. This Gaussian measure is called the Wiener measure.

Remark. In probability theory, Wiener measure is often introduced via its
values on cylinder sets. Fix 0 < ¢; < --- <t, <1 and Borel sets A;,...,4, C
R. Define

Clt1, .. ytn; A1, .., An) ={f €C([0,1,R) : f(t;) € A; fori=1,...,n}.

The Wiener measure uy is characterized by

HW(C(t17~-~7tn§A17~-~7An)):/ p(t1,1‘1)d1‘1H/ p(ti—ti—1, mi—xi—1) dz;,
Aq i=2 A;

where

1 2
x
p(t’x) = \/ﬁexp<_2t)

is the density of A/(0,1).

Let X;(f) := f(t) be the canonical process. Under puw, (Xi)icp,1] is a
standard Brownian motion: Xy = 0 a.s., and for 0 < s < ¢t < 1 the increment
X, — Xy ~ N(0,t — s) and is independent of (X, : 7 < s). In particular, for

13



s < t,
E[X,X;] = B[ X, (X, + (X; — X,))] = E[X2] + E[X,] E[X; — X,] = s,

so E[XsX¢] = s At. This agrees with the covariance kernel C(z,y) = z Ay of

the Gaussian measure obtained from Kolmogorov’s continuity theorem.

The next theorem is a more general version of Kolmogorov’s continuity theo-
rem. It provides sufficient conditions for a B-valued stochastic process to admit
a continuous modification.

Let {X(z) : @ — B},¢[o,1)¢ be a collection of B-valued random variables. Un-
der suitable moment assumptions, one can construct another collection {Y (z) :
Q — B}co,1)¢ such that

(i) for every x € [0,1]¢, X(x) and Y (z) are equal in law;
(ii) for P-almost every w € 2, the map x — Y (z,w) is continuous.

Equivalently, Y can be viewed as a random variable with values in the path
space C([O, 1]4, B), ie.
Y :Q—C([0,1]%B),

where Y (w)(z) := Y (z,w). The distribution of Y is then a Gaussian measure
on C([0,1],B).

Theorem 1.15. Let B be a separable Banach space and let {X ()} q¢cj0,1)2 be a

collection of B-valued Gaussian random variables such that
ElX(z) - X(y)Il < Clz —y|*,

for some C > 0 and some o € (0,1]. Then there exists a unique Gaussian
measure |t on C([O, 1], B) such that, if Y is a random variable with law w, then
Y (z) is equal in law to X (x) for every x € [0,1]%. Furthermore,

u(CB([O, 1]d,B)) =1 for every 8 < a.

1.4 Cameron-Martin Space

Given a centered Gaussian measure p on a separable Banach space B, the mea-
sure p is generally not invariant under translations. However, there exists a

Hilbert subspace H C B, called the Cameron-Martin space, such that for

14



every h € H the translated measure u(- — h) is equivalent to p, i.e. they have

the same null sets.

Definition 1.16. The Cameron-Martin space H, associated to p is the
[e]

completion of the linear subspace #,C B defined by

H,={h € B: 3h* € B* such that C,,(h*,0) = ((h) Yl € B},

under the norm || - ||, defined as follows. For h,k 6’}?[# with corresponding

representatives h*, k* € B*, we set

(h, k) = Cu(h™, k").
This is well-defined and yields a pre-Hilbert structure on ’;[M; its completion is
the Hilbert space H,.

o
Remark. The space 7, coincides with the range of the covariance operator
éu : B* — B defined by

(C*ﬂ(el)) (0) = Cu(lr,0) Y0 € B

Indeed, if h e’;[ﬂ and h* € B* satisfies C,(h*,£) = £(h) for every ¢ € B*, then
Lh) =Cu(h*,0) = K(C’M(h*)> for every £ € B*, hence h = C,,(h*). Conversely,
if h = C),(¢) for some £ € B*, then

Cu(t,0)=0(h) VI €B,

so h 6’;{#.
Remark. The norm on Cameron-Martin space is well-defined. Indeed, if h €7C-)[u
has two representatives hj, h5 € B*, consider k = hj + h3. Then, we have

Cu(hi; h7) = Culhs, hy) = Cu(hi, k) = Cu(ha, k) = k(h) = k(h) = 0.

Thus, the norm is independent of the choice of representative.

The next theorem shows that the Cameron-Martin space uniquely deter-

mines a centered Gaussian measure.

Theorem 1.17. Let p and v be centered Gaussian measures on a separable

Banach space B. If H,, = H, and || - ||, = || - ||, on this space, then p = v.

15



Proof. By Theorem it suffices to show that f(¢) = (¢) for every ¢ € B*.
Fix ¢ € B* and write H := H,, = H,. Since the norms agree, the inner products
on H also agree.

For any h € H, the covariance operator satisfies
(Cul®);h)y=L(h)  and  (Cy(0),h), = L(h).

Hence

(C.(0) = Cu(6),h),, =0  YheH,
so Cu(0) = C,(0) in H.
By , we have
(D) = exp(=31C(OI2), #(0) = exp( =L ICO]2) -
Since C,,(¢) = C,,(¢) and the norms coincide on H, we get i(¢) = #(£). Therefore
w=r. O

The next theorem proves that the Cameron-Martin space is indeed a subset

of the original Banach space.

Theorem 1.18. The Cameron-Martin space H,, is a subset of B. Furthermore,

there exists a constant C' > 0 such that for every h € H,,, one has
1B]* < ClIRl15 (1.4)

This implies that the inclusion map ¢ : H, — B is continuous.

Proof. For h 67(-2”, we have

2 * )2
Hh||2 _ sup g(h)2 — M
ces-\{o} 1€l es\{oy €Il
< sup CH (h vh )20/»0(67‘6)
teB*\{0} 11l
< |Cull (s B s

this proves (L.4) for h €%,. Now, by (L.4)), every Cauchy sequence in ¥, with
respect to the norm ||- ||, is also a Cauchy sequence in B with respect to the norm
Il - || Since B is complete, the limit of this Cauchy sequence in B exists. This

shows that H, C B and that the inclusion map ¢ : H,, — B is continuous. [

16



In general, the representative h* € B* appearing in the definition of H,, need
not be unique. For example, if u = dg, then C,, = 0 and ’}(j[HZ {0}; for h =0
the representative can be any h* € B*.

This non-uniqueness disappears after identifying B* with a subspace of
L?(B, i) via the embedding

B* < L*(B,u), £+ L(-).

Let R, denote the closure of B* in L*(B,p). It sometimes called the repro-

ducing kernel Hilbert space associated to u.

Theorem 1.19. There exists a canonical isometric isomorphism v : H, — R,

written h — h*. In particular, H, is separable.

Proof. We first prove that ¢ is injective. Suppose h € H,, satisfies t(h) = h* =0
in L?(B, ). Then for every £ € B* we have

0(h) = C,(h*,0) = 0.

Since B* separates points of B, it follows that h = 0. Hence ¢ is injective.
Next, let f € B* C L?(B, u1). Define

h:=Cu(f) = /Bxf(x)p(dx) €B.
Then for every ¢ € B*,
() = £(Cul)) = Culf0),

so h €#{,, with representative h* = f. In particular, .(h) = f, which shows that
¢ maps onto B*.

Finally, ¢ is an isometry on 7?[#:
IBIIE = Cuh* . h*) = 1B*]1Z2

and therefore extends uniquely by continuity to an isometric map ¢ : ‘H, —
R,. Since B* is dense in R, and «(H,) is closed (being complete), we obtain
L(H,) =Ry, i.e. v is surjective.

In particular, H,, is separable because R, C L?(B, ) is separable. O

We need the following lemma for next result.

17



Lemma 1.20. Let H be a Hilbert space and let D C H be dense. Then for
every h € H,
[h]| = sup{(h, k) | k € D, |[k[| <1}.

Proof. Fix h € H and k € D with ||k|| < 1. By Cauchy-Schwarz,
(hy k) < (IR IE] < [l7]l-
Taking the supremum over such k gives
sup{(h, k) | k € D, [[k]| <1} <[n]|.
For the reverse inequality, since D is dense, there exists k,, € D such that

h
— — k.|l =0 n — 00
th (n= o)

(when h = 0 the statement is trivial). Then
(hy k) — (h h/[IRI)) = (1A,

and therefore
[hll < sup{(h, k) | k € D, [[k|]| < 1}.

O

The next result provides an alternative characterisation of the Cameron-

Martin space.

Theorem 1.21. Let pu be a centred Gaussian measure on B. For h € B set
1All}, := sup{é(h) | £ € B, Cu(t,0) <1}
Then for every h € H,, one has ||h||, = ||h|},. In particular,
My ={heB[|nl;, <oo}.

Proof. Apply Lemma to the Hilbert space H,, with dense subspace D z’;[ 1
For h € H,, we obtain

1Pl = sup{{h, k) | K €Hpus (IFll < 1}
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Every k 6/72[# can be written as k = CA’M () for some ¢ € B*, and then
(hyk)y =L(h),  [IKII% = Cu(£,0).

Hence
(Al = sup{€(h) | £ € B*, Cu(¢,£) <1} =[]},

This proves
H, C{heB| ||hH;L < 00}

o
Conversely, suppose h € B satisfies ||h[|}, < co. Define a linear map on #,,

by
TH,— R, T(Cu(0) = (h).

This is well defined, and
T(Cu(0))] = [E(h)] < hlljr/ Coul ) = [P 1Cu(®) s

so T is bounded. Hence T extends uniquely to a bounded linear functional on
‘H,. By the Riesz representation theorem, there exists a unique £ € H, such
that

() = (k,Cu(0)),, = Cu(k*,£) VL€ B

Thus ¢(h — k) = 0 for all £ € B*, and since B* separates points, we conclude
h =k € H,. The proof is complete. O

Since R,, is obtained as the L?(yu)-closure of B*, it is not surprising that its

elements behave like linear functionals on a set of full y-measure.

Theorem 1.22. For every { € R,, there exist a measurable linear subspace
Vi C B and a linear map £ : Vi — R such that u(Vy) = 1 and £ = { p-almost

surely.
Proof. By definition of R, there exists a sequence (£ )n>1 C B* such that

||£n - f”%z(#) < TL_4.

Set X,, := ¢, — £. By Chebyshev’s inequality, for every € > 0,

1 X220,
p(1Xal > ) < 0,
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Choosing € = 1/n yields
p(1Xal > 1/n) < 0| XplZ2g <072

and therefore ), -, u(|X,| > 1/n) < co. By the Borel-Cantelli lemma, | X, (z)| <
1/n for all but finitely many n, for p-almost every x € B; in particular,
Ly (x) — €(z) for p-almost every .

Define

Vo= {x € B: nh%rréo £ () exists}, U(z) = nl;rréo lp(z) for x € V.

Then u(Vy) =1 and ¢ = { p-almost surely. Moreover, V; is a linear subspace

and ¢ is linear on V; since it is the pointwise limit of linear maps. O

The next theorem shows that every element of R, is a centred Gaussian

random variable.

Theorem 1.23. Let h* = «(h) € R,,. Then h* is a centred Gaussian random

variable with variance ||h|%. Moreover, for h* = u(h) and k* = u(k) in Ry,
E[h*k*] = (h, k),..

Proof. By definition of a centred Gaussian measure, ¢(z) is a centred Gaus-
sian random variable for every ¢ € B*. Since R, is the L?(u)-closure of
B*, for any h* € R, there exists a sequence ({5,),>1 C B* such that ¢, —
h*||2(uy — 0. Replacing £,, by a suitable rescaling if necessary, we may assume
1nllL2(uy = [|h*]|12(y) for all n. Hence each £, has law N (0, ||h*||%2(“)). Since
L?-convergence implies convergence in distribution, it follows that h* also has
law A(O, ||h*||2L2(”)). Using ||A*||z2(u) = |2l gives the variance claim.
For the covariance, note that h* 4+ k* = +(h + k), so by the first part,

E[(h* + K2 = R+ k2, EIRH = 002, ELE? = k2.
Therefore, by polarisation,
E[n*k] = 5 (BLA" + k*)?] — El(h*)?] — E[(k*)%])

(1 + k112 = )2 = 1412

DN = Do =

I
—~
S

5
=
=
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O

Given two measures p and v on a measurable space (B, F), we say that u and
v are equivalent if they have the same null sets (or preserve the full measure
set equivalently), i.e. if u(A) = 0 if and only if v(A4) = 0 for every A € F.
On the other hand, we say that p and v are mutually singular if there exist
A, B € F such that u(4) =1, v(B)=1,and AN B =o.

The next theorem illustrates a striking difference between Gaussian measures

on infinite-dimensional spaces and those on R".

Theorem 1.24. Let p be a centred Gaussian measure on a separable Banach
space B with dim(H,) = co. Let D, : B — B be the dilation map D.(x) = cx.

Then, for every ¢ # +1, the measures i and Dy are mutually singular.

Proof. Since R, is a separable infinite-dimensional Hilbert space, it admits an

orthonormal basis {ey},>1. Define

N
1
Xn(e)i= 2 S len@)?,  z€B.
n=1

Under u, the random variables e,, are independent centred Gaussians with vari-

ance 1, hence E,[|e;|?] = 1. By the strong law of large numbers,
Xn(z) —1 for p-almost every x € B.

On the other hand, under D%y the random variables e,, remain independent
centred Gaussians, but their variance is multiplied by ¢? since e, (cx) = ce,(z).

Thus EDgMHelP] = 2, and again by the strong law of large numbers,

2

Xn(z) — ¢ for Dfp-almost every = € B.

Let

A::{mEB: lim XN(x):l}, B::{xEB: lim XN(x):cz}.

N—o0 N—oc0

Then pu(A) = 1, Diu(B) = 1, and AN B = @ whenever ¢ # 1, i.e. ¢ # +1.

Hence ;o and D¥y are mutually singular. O

The next result is the celebrated Cameron-Martin theorem, which char-

acterises exactly those translations that preserve the null sets of a Gaussian
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measure.

Theorem 1.25 (Cameron-Martin). Forh € B, let Ty, : B — B be the translation
Th(x) = x + h. Then T,g,u < p if and only if h € H,,. Moreover, if h € H,,

then .
d Th/}’

dp
where h* = 1(h) € R,,.

() = exp(1(2) - 1117

Proof. Fix h € H,, and write h* = ¢(h) € R,,. By Theorem|1.23] h* is a centred

Gaussian random variable with variance ||h[|%. Define

1
Dy (x) :== exp(h*(x) - 2||h;24> , x €B.
Then Dy > 0 and
Lo h* Lo Lo
E,[Dy) = exp<—2||h||u) E, [e } = exp<—2||h|u> exp<2||hu =1,
so Dy, € L*(u) defines a probability measure uj by
pn(A) ::/ Dy, dp, AeF.
A

In particular, pp < @ with Radon-Nikodym derivative dup /du = Dp,.

To identify up, we compare Fourier transforms. For ¢ € B*,

() = [ pntao) = [ oxp(itte) + 1) - G101 ) o)

Since if + h* is a (complex-valued) centred Gaussian random variable under p,

its exponential moment can be computed explicitly, yielding
— 1 .
in(€) = exp <QC’H(€,£) + zé(h)) .
On the other hand,
Thﬁu(g) _ /Beié(z) beﬂ(dx) _ /Beif(erh) ILL(dSC) _ eif(h) Leif(z) u(dx)

— oxp (-écu(e, 0+ M(h)) .
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Thus 1 = T}iu on B*, hence up = T,gu. This proves T,g,u < i and the claimed
Radon-Nikodym derivative.
We use the fact that for every a € R,

2

IN(0,1) — N(a,1)||rv =2 — 26Xp(aS> .

Assume now that h ¢ H,,. By Theorem for each n > 1 there exists ¢,, € B*
such that C,,(¢y,¢,) =1 and £,(h) > n. Then

CGpu=N©1),  £(Tin) =Nl (h),1).
Since total variation distance decreases under pushforward,

e = Thpllrv = 160 — (T oy = [N(0,1) = N (La(h), 1) Tv

2 2
> 2—2exp(—£n(8h)> > 2—2exp(—rg) .

Letting n — oo yields ||u — T;leHTV = 2, which implies that p and T,f,u are

mutually singular. O

Using the Cameron-Martin theorem, one can give another criterion for the
Cameron-Martin. It can be used to check the dimension of the Cameron-Martin

space is infinite.

Theorem 1.26. The space H,, C B is the intersection of all (measurable) linear
subspaces of full measure. However, if H,, is infinite-dimensional, then one has
u(Hy) =0.

Proof. Let V' C B be a full measure linear subspace and h € H,. By the
Cameron-Martin theorem, we should have T,fu(V) = 1, which implies u(V —
h)=1. If h ¢ V, then VN (V — h) = &, this will give a contracdiction since
p(V'U(V —h)) =2. Thus, we have h € V, which shows that #,, is contained
in the intersection of all full measure linear subspaces.

Conversely, let h ¢ H,, we will construct a full measure linear subspace
V such that h ¢ V. By Theorem there exists {¢,} € B* such that
Cu(ln,l,) =1 and ¢,(h) > n. Define a norm on B by

o In(y)”
o2 = 32 W
n=1
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Then, we have

C’En,é T
| Ity = Z Culln o) _ 7% _

this implies that the linear subspace

Vi={yeB: |yl <o}

is of full measure. However, by construction, we have ||h||. = 0o, so h ¢ V.

Now, assume that H,, is infinite-dimensional. We then pick an orthonormal
sequence {e*(n)},>1 C R, so that e*(n) ~ N(0,1) are independent centred

Gaussian random variables. Now, let us denote
=P(NV(0,1)] < 1) >0,

and set
Ay ={z e B: |e"(n)(x)| > 1},

then we have u(A,) = p and

Z/‘L(An) = Zp: 0.

By the Borel-Cantelli lemma, we have p-almost surely that |e*(n)(z)| >

infinitely many n. This implies that for p-almost every x € B, we have

lzllf, = Z le*(n 0o,
so x ¢ H,. Thus, we have p(H,) = 0.

1.5 Images of Gaussian measures under linear maps

1 for

Let A : B — By be a bounded linear operator between two separable Banach

spaces. Recall that the adjoint operator A* : By — B* is defined by

A*(0)(z) == L(Ax), VLEB] z€B.

Let i be a centered Gaussian measure on B and denote by Ay its image
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under A on By. Then, for any ¢1, ¢y € B3, the covariance form of A%y satisfies

Casp(l1,62) = i 01 (x) Lo(z) A* pu(da)

- /B (1(Ax) £5(Aa) pu(de)
= CL (A, A*Ly).

Now recall that the Cameron-Martin space H, can be characterised as the
intersection of all linear subspaces of B having full y-measure. In particular, if
A,B : B — By are linear maps that agree on H,, then they agree on a linear
subspace of full y-measure; consequently, their pushforward measures coincide,
i.e. A*y = Bfp. In this sense, the image measure of a linear map is determined

by its restriction to H,.

Theorem 1.27. Let p be a centred Gaussian probability measure on a separable
Banach space B. Let H be o separable Hilbert space and let A : H, — H be
a Hilbert-Schmidt operator (equivalently, AA* : H — H is trace class). Then
there exists a measurable map A : B — H such that v = flﬁ,u is Gaussian on H

with covariance

Cy(h,k) = (A*h, A*K),,  h.k€H.

Moreover, there exists a measurable linear subspace V- C B with u(V) = 1 such
that A|y is linear and /Al|r;.[l = A.

Proof. Let {ey}n>1 be an orthonormal basis of #,, and let {e}, },,>1 C R, denote
the corresponding coordinate maps. For N > 1, define Sy : B — H by

N
Sn(z) == Z er(x) Aey.

By Theorem [I.22] for each n > 1 there exists a measurable linear subspace
V. € B with u(V,,) = 1 such that e} is linear on V,,. Set

Vo = ﬁ V.
n=1

Then u(Vp) = 1, and for every N > 1 the map Sy is linear on V.

Since the random variables {e },,>1 are i.i.d. N'(0,1) under u, the sequence
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{Sn}n>1 is an H-valued martingale. Moreover,

N o]
EullSvlld =D IAealld < D IAenll, = [ All%s < co.
n=1 n=1
Hence {Sy} is bounded in L?(p; H), and by the martingale convergence theorem
Sn(x) converges in H for p-almost every .
Define
V= {x eW: ]\}gnoo Sn(z) exists in 7-[},

so that u(V) =1, and set
lim Sy(z), z€V,

A(z) == { Noeo
0, x ¢ V.

Then A is measurable, /1|V is linear, and one checks that 121|7{M = A

Finally, fix h € ‘H. By construction,

(A@),hyp =Y en(@) (Aen, h)p in L (p),

n=1
and therefore
Cy(h,h) =B, [(A(x),h)3] = (Aen, h)3, = | A3, -
n=1

By polarisation this yields C,, (h, k) = (A*h, A*k)3, . Moreover, since each finite
partial sum is a linear combination of independent Gaussian variables, (A(-), h)

is Gaussian for every h € H, hence v is Gaussian. O

In fact, the result above extends to the case where the image space is a

general separable Banach space. We omit the proof.

Theorem 1.28. Let By and Bs be separable Banach spaces, and let p be a
centred Gaussian probability measure on By. Let A : H, — B be a bounded
linear operator. Assume that there exists a centred Gaussian measure v on Bo

whose covariance satisfies

Cy(ly,by) = (A™l1, A™L),, b, 45 € B3,
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where A* : B5 — H,, denotes the adjoint map. Then there exists a measurable
map A: By — By such that v = /Alﬁ,u. Moreover, there exists a measurable linear
subspace V C By with (V) = 1 such that Aly is linear and A|Hu = A.

Lastly, we show that the extension Ais unique up to a p-null set. The main
tool is the Borell-Sudakov-Cirel’son inequality. For € > 0, denote by B, the

open ball of radius ¢ centred at 0 in the Cameron-Martin space H,,, namely
B.:={heH,: ||hll, <e}.
We also write ® for the cumulative distribution function of the standard normal

1 [e3
CI)(OZ) = E/ 6_t2/2 dt.

Theorem 1.29 (Borell-Sudakov-Cirel’son inequality). Let p be a centred Gaus-

law,

sian measure on a separable Banach space B with Cameron-Martin space H,,.
Let A C B be measurable with pu(A) = ®(«) for some a € R. Then, for every
e>0,

WA+ Be) = @(a +e).

A striking consequence is that if A has positive p-measure, then A+ #,, has

full p-measure. Indeed, since B, C H,, for every € > 0, we have

w(A+H,) =suppu(A+ B.) >supPla+e) =1.
e>0 e>0

Another consequence is the following 0-1 law for measurable linear subspaces.

Theorem 1.30. Let V C B be a measurable linear subspace. Then (V) = 0
or (V) =1.

Proof. First assume that #, C V. Then B. C V for every ¢ > 0, hence
V+B =V. If (V) >0, write u(V) = ®(a) for some a € R. By the
Borell-Sudakov-Cirel’son inequality,

u(V)y=u(V+B.) > ®(a+e) Ve > 0.
Letting € — oo yields (V) = 1.

Next assume that H,, ¢ V. Choose h € H,,\ V. Since V is a linear subspace,
the sets {V +th}iecr are pairwise disjoint: if ¢1 # t3 and (V+t1h)N(V +t2h) # 2,
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then for some vy, v9 € V we have vy +t1h = vy + toh, which implies (¢; —t2)h =
vg — w1 € V, hence h € V, a contradiction.

If u(V) > 0, then by the Cameron-Martin theorem each translate V +
th has positive p-measure, and we would obtain uncountably many pairwise
disjoint measurable sets of positive measure, which is impossible for a probability

measure. Therefore p(V) = 0. O

The last theorem in this subsection establishes uniqueness of the measurable

extension of a linear map defined on the Cameron-Martin space.

Theorem 1.31. Let o be a Gaussian measure on a separable Banach space By
with Cameron-Martin space H,,, and let A : H,, — Bs be a linear map satisfying
the assumptions of Theorem. Then the extension A of A is unique (up to u-
null sets) within the class of measurable maps for which there exists a measurable
linear subspace V- C By with u(V') =1 such that A is linear on V and Az = Az
forallz e H, CV.

Proof. We argue by contradiction. Suppose there exist two measurable exten-
sions A; and A, of A satisfying the assumptions of the theorem. Then there
exist measurable linear subspaces Vi, Vs C By with u(V1) = u(V3) = 1 such that

/11 is linear on V7, /12 is linear on V5, and
Az = Agx = Ax for all x € H,,.

Set V := V3 NVa. Then u(V) = 1, and both A; and A, are linear on V. Define
A:V — By by
Az = Alx - /123:.

Then A is linear on V' and Az = 0 for every x € H,, C V. We claim that
Az = 0 p-almost surely.

Fix £ € B; and c € R, and consider the measurable sets
Vii={zeV: {(Azx) < c}.

These sets are invariant under translations by elements of H,. Indeed, for
heH,and 2z €V,

YA+ h)) = ((Ax + AR) = ((Az),
since Ah = 0 on H,,. Hence = € V¢ if and only if z + h € V. By Theorem [T.29)]
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we therefore have (V) € {0,1} for every c € R.
For fixed ¢, the map ¢ — pu(V)°) is increasing, and by o-additivity,

lim (V) =0, lim p(Vy) =1.

c——00 c—+oo

It follows that there exists a unique ¢, € R such that p(Vy?) jumps from 0 to 1
at ¢ = ¢y. Equivalently,

L(Ax) = ¢y p-almost surely.

Since p is centred Gaussian, it is invariant under the symmetry x — —x. By
linearity of A we have ¢(A(—z)) = —¢(Ax), and therefore ¢y = —cy, which

implies ¢, = 0. Hence for every ¢ € B3,
U(Az)=0 p-almost surely.

By Theorem [I.7] this implies that the law of Az is the Dirac mass at 0, and
in particular Az = 0 py-almost surely. Consequently, Ay = A, p-almost surely,

which proves uniqueness. O

1.6 Cylindrical Wiener processes and stochastic integra-
tion

In this subsection we introduce cylindrical Wiener processes on a separable

Banach space and the associated stochastic integrals.

Definition 1.32. Let (2, F) be a measurable space and let B be a separable
Banach space. A stochastic process with values in B is a family of measurable
maps {X; : Q — B}i>o0.

Consider the path space Q = C([0,T], B) equipped with its Borel o-algebra
F = B(C([0,T],B)). The canonical process {X;}c[o,7] on Q is defined by

Xi(w) = w(t), w € C([0,T], B).

Recall that a one-dimensional Wiener process (Brownian motion) {W;};>0
on a probability space (£, F,P) is an R-valued stochastic process such that
Wo = 0 P-almost surely, W has independent increments, and for every 0 < s < t,
Wi — Wy ~ N(0,t — s).
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On a finite time interval [0,T], one can realise W as the canonical process
on C([0,T],R) endowed with the Wiener measure py (cf. Example [1.14]). This

measure is Gaussian with covariance function
Cpy (s,t) = s At = min{s, t}, s,t €[0,T].

However, this construction does not extend directly to a Wiener process
on Ry, since the path space C(R4,R) is not a separable Banach space in the
topology that controls behaviour at infinity. To circumvent this issue, we work

instead with a weighted path space.

Definition 1.33. Let p(t) = 1+ 2 for t > 0. Define

i 12O _ 0})

Lo p(1)

C,(Ry,R) := {x €C(R4,R)

equipped with the norm
t
e, = sup 1200

t>0 P(t) '

The next result shows that one can realise Wiener measure on this Banach

space. The proof is omitted.

Theorem 1.34. There exists a centred Gaussian measure pw on C,(Ri,R)

with covariance function
Cuw (s, t) =sAt, s,t>0.

Moreover, the canonical process {W;}i>0 on (Co(Ry,R), B(C,(R4,R)), pw) is

a one-dimensional Wiener process (Brownian motion) on R.

An R"™-valued Wiener process is simply given by n independent copies

of a one-dimensional Wiener process. More precisely, we write
W(t) = (Wi(t),..., Wa(t)),

where {W;(t)}1<i<n are independent standard one-dimensional Wiener pro-

cesses. In particular, for all s,t > 0,
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Consequently, for any u,v € R",

E[(W(s),u) (W(t),v @j ) Z%%
Z (s)W;(1)]

= (s/\t)Zuivi
= (s At) (u,v).

Il
i M:

This characterisation admits a natural extension to arbitrary Hilbert spaces.
Let H be a Hilbert space with orthonormal basis {e,},>1. It is tempting to

define an H-valued Wiener process by

= Wa(t)en,

n=1

where {W,,},>1 are independent standard one-dimensional Wiener processes.

However, this series does not converge in H for any ¢ > 0, since

E[WHI3 =) EWa()P =) t=

n=1
Therefore, to make sense of such a construction, we must enlarge the state space.

Theorem 1.35. Let H be a separable Hilbert space. Then there exists a Hilbert
space H' such that H is densely embedded in H' and the inclusion map v : H —
H' is Hilbert-Schmidt.

Proof. Let {ey}n>1 be an orthonormal basis of H and define a new norm on H
by

o0

1
ol =3 — (@ en)l

n=1
Let H’ be the completion of H with respect to this norm. Then {ne, },>1 is an

orthonormal basis of H’. Moreover,

oo

E : 1
”L”%IS - ”Le"”%-l’ § :Hen”w = § — < 00,

n=1

n= 1
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so the inclusion ¢ : H — H' is Hilbert-Schmidt. O
We can now define cylindrical Wiener processes.

Definition 1.36. Let H be a separable Hilbert space and let H’ be as in
Theorem with inclusion map ¢ : H — H'. A cylindrical Wiener process
on H is an H’'-valued Gaussian process {W(t)}>0 such that for all h,k € H’
and s,t > 0,

E[(W(s), hyar (W(t),k)p] = (s At) ("R, " k)q = (s AE) (W h, k)ger.

By Kolmogorov’s continuity theorem, such a process can be realised as the
canonical process on a suitable path space C,(Ry,#’) endowed with an appro-
priate Gaussian measure.

Moreover, in the same setting, the smaller Hilbert space H can be identified
with the Cameron-Martin space of the centred Gaussian measure on H’' whose

covariance operator is ¢.*.

Theorem 1.37. Let u be the centred Gaussian measure on H' with covariance
operator Q = w*. Then the Cameron-Martin space of p is t(H). Moreover, for
every h € H,

Pl = 1713

Proof. Recall that the pre-Cameron-Martin space 7—01# is the range of the covari-

ance operator. Hence

o

H, = Ran(Q) = Ran(«*) C Ran(e) = o(H).
Conversely, let h € H and set h := th € H'. Since h € Ran(Q), we may define
h* = Q h = (u*)"th e H'.
Then for every k € H’,
Cu(h® k) = (Qh" k)3 = (b k)a,
which shows that h € 7-01#. Therefore

W(H) C H, Cu(H),
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and hence 7le = ((H). Taking the completion with respect to the Cameron-
Martin norm yields H,, = «(H).
Finally, take h = th and k = ik in H,,. Using h* = Q 'h and k* = Q" 'k,

we obtain

(h, k), = Clu(h* k")

= (QR", k")
<ha 1k>?—L/

= (vh, ()" k)
= (h

()T k) = (hy k)
where in the last step we used ¢*(1t*) 1t = Iy on H. In particular,
lchllf; = (ch, il = 1R,
as claimed. O

Remark. The terminology cylindrical Wiener process on H can be moti-
vated as follows. Although a cylindrical Wiener process W is in general only
‘H'-valued, let us pretend that W (t) € H for every ¢ > 0 for a while. Then, for
any h,k € H, using the identity ¢*(:t*)~1s = I3 (on the appropriate subspace)

and the adjoint relation between ¢ and ¢*, we obtain

E[(W(s), hyy (W (1), k)yp]| = E|:<LW(S) (LL*)_1Lh>,H, (W (t), (LL*)_1Lk>H,:|
(sAt) < w*)(e*)"leh, (LL*)*ILk>H/

<L Lk>
( t) (b, k).

This is precisely the covariance identity of a standard Wiener process on H,

which explains the terminology.

Remark. Let H and H’ be as in Theorem and let K be another separable
Hilbert space. If A : H — K is a bounded linear operator, then by Theorem
there exists a measurable extension A : H' — K such that, whenever W is a
cylindrical Wiener process on H, the composition AW is well-defined as a K-

valued process. By a slight abuse of notation, we will simply write AW in place
of AW.
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Now we give a precise definition of white noise.

Definition 1.38. Let H be a Hilbert space of distributions on R such that the
embedding
L*(R) — H

is Hilbert-Schmidt. A white noise is an H-valued centred Gaussian random
variable ¢ such that, for all g, h € L?(R),

E[<97§> <h7€>] = <gv h>L2(R)7

where (g,&) denotes the dual pairing between L?(R) and H (which coincides
with the L? inner product whenever ¢ € L?(R)).

Remark. Taking g = 1jg 4 and h = 1pg 4 yields

]E[<1[0,t]7f> <1[0,s],§>] = <1[0,t]» 1[0,3]>L2(R) =tAs.

Consequently, the process

W(t) = (1. &) = / £(r)dr

is a standard Brownian motion. In this sense, white noise can be viewed as the

(distributional) time-derivative of Brownian motion.

Remark. The covariance identity can be written formally as

[ ([sosoas) ([ nwewa)] = [ s

Equivalently, in distributional notation,
E[6(s)€(t)] = (¢ — 5),
meaning that for all g, h € L*(R),
[ aonaElesen]asie= [ osnis) ds

Thus, one may think of the law of ¢ as a Gaussian measure on a space of

distributions whose covariance kernel is the Dirac delta.

Now, let W (¢) be a cylindrical Wiener process on a separable Hilbert space
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., it can be view as a cannonical process on C,(R, H’) endowed with a suitable
Gaussian measure, where H’ is as in Theorem We also denote by F; the
filtration generated by {W(s) : s < t}. We are now in position to define the
stochastic integral with respect to W.

Let us first define the stochastic integral for elementary predictable processes.

Definition 1.39. Fix separable Hilbert spaces % and K. Let {(s;,;]}¥

j=1 bea

finite family of pairwise disjoint intervals in R, and let
(I)jZQ—)ﬁg(H,IC)7 .]':17...,]\77

be F,,-measurable random variables. An elementary predictable process

is a process
P € LRy x Q4 Lo(H,K))

of the form
N

O(t,w) =Y Bj(w) 1(s;.e,(1).

j=1
Definition 1.40. Let ® be an elementary predictable process as above and let

W be a cylindrical Wiener process on H. We define the stochastic integral
of ® with respect to W by

N

/000 Dty dW () = S5 (W (k) — W(sy).

Equivalently, for w € €,
oo N
([T e0awo) @ = X 0, W) - W)

Remark. Since the cylindrical Wiener process W is H’-valued, the increment
W (t;)—W (s;) takes values in H’ and a priori cannot be acted on by an operator
defined only on H. This is why we require

Qi (w) € Lo(H,K),

so that, by Theorem each ®;(w) admits a measurable extension to a map
®;(w) : H' — K which is linear on a subspace of full measure. With this
convention, the term ®;(w)(W(t;) — W(s;)) is understood as ®;(w)(W (t;) —
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W(sj)), and the stochastic integral is therefore well-defined (up to P-null sets).

One of the fundamental properties of the stochastic integral is the It6 isom-
etry. It asserts that the stochastic integral defines an isometry from the space

of elementary predictable processes into L?(€; K).

Theorem 1.41 (It6 isometry for cylindrical Wiener processes). Let ® be an

elementary predictable process of the form

N
D(t,w) = Z (W) (s, 4,1(1), ®;: Q= Lo(H,K) is Fs;-measurable,
j=1

where the intervals (sj,t;] are pairwise disjoint. Then

/ T o) aw ()
0

Proof. By definition of the stochastic integral,

2
i

:IE/O Hq»(t)uﬁz(wthzﬁ/o (BB (1)") dt.

K

| et D= 30, (W) - W),

Jj=1

Since the increments of W over disjoint intervals are independent and centred,

the cross terms vanish, and therefore

/ T o aw ()
0

2
2

E

K —
Jj=1 K

By Corollary foreach j=1,..., N,
E||@;(W(t;) — W(s;)) ||y = (t; — ;) E tr(@;97).

Summing over j yields

/ S o) aw ()

2 N

= Z(tj - Sj)E tr(‘bjfb;).

]E’
K< j=1
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On the other hand, since ®(t) = ®; for ¢ € (s;,t;], we have

[e%s} N
/0 ( dt Z/ tr@tb Zt—sj tr<I>(I))
Jj=1

Taking expectations and combining the preceding identities gives

oo 2 oo
E‘ / Q) dW (t)|| = E/ tr(@(t)D(t)") dt.
0 K 0
Finally, ||<I>(t)||%2(7_£’,c) = tr(®(¢)®(¢)*), which concludes the proof. O

To extend the stochastic integral to more general integrands, we need the

following density result.

Theorem 1.42. The set of elementary processes is dense in the space Lfn (R4 x Q,Lo(H,K))
of all predictable Lo(H, K)-valued processes.

As a consequence, the stochastic integral can be extended by continuity to
all predictable processes in L (R x Q; Lo(H,K)).

Corollary 1.43. The stochastic integral fo (t)dW (t) can be uniquely defined
for every process ® € L2 (Ry x Q,Ly(H,K)).
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2 Semigroup Theory

In this section, we aim to formulate a meaningful and rigorous solution theory

for the abstract evolution equation

d
%x(t) = Lxz(t), t>0, (2.1)

where z(t) takes values in a Banach space B and L : D(L) C B — B is a
(typically unbounded) linear operator. The central idea is that solutions of
can often be described via a semigroup of operators generated by L.
Semigroups provide a convenient framework to describe time evolution: they
encode how a state changes over time and constitute a natural language for well-

posedness of PDEs.

Definition 2.1. Let B be a Banach space. A semigroup on B is a family of
bounded linear operators {S(t)}:>0 C £L(B) such that

(i) S(0) =1d;

(il) S(t)S(s) = S(t+ s) for all s,t > 0.

2.1 Strongly continuous semigroups

This subsection is devoted to strongly continuous semigroups, also called C-

semigroups.

Definition 2.2. A semigroup {S(¢)}+>0 on a Banach space B is called a strongly

continuous semigroup (or Cy-semigroup) if for every x € B the map
t— S(t)x

is continuous from [0, c0) into 5.
The next theorem gives a useful characterisation of strong continuity.

Theorem 2.3. A semigroup {S(t)}i>0 on a Banach space B is strongly contin-

wous if and only if:

(i) there exists a dense subset D C B such that the map t — S(t)x is contin-

uous att =0 for every x € D;
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(ii) there exist constants M > 1 and a > 0 such that

IS(H)|| < Me™ for allt > 0.

To prove Theorem we use the following standard lemma (we omit its
proof).

Lemma 2.4. If S is a Cy-semigroup, then

K = sup [|S(t)] < oc.

It

Proof of Theorem[2.3 Assume first that S is a Cp-semigroup. Then (i) holds
with D = B. For (ii), let K = supg<;<; [[S(t)]| as in Lemma Fix t > 0 and
set n = [t] + 1. Then £ € (0,1], hence

son=s(2) < Js(2)

Therefore (ii) holds with M = K and a = log K.

Conversely, assume (i) and (ii). We first show that ¢t — S(¢)z is continuous

n

< K" < Ke(logK)t.

at t = 0 for every x € B. Fix € > 0 and choose y € D such that

9 9

- < i Py .
lz =yl mm(3 3Mea>

For 0 <t < 1, (ii) yields [|S(¢)|| < Me® < Me®, and thus

1S@z =SByl < [S@Hle -yl < Me|lz -yl <

Wl M

By (i), there exists ¢ > 0 such that for 0 <t < 4,

1Sy —yll <

WM™

Hence for 0 < ¢t < min{1, d},
[5(t)z =zl < [[S(B)z = SOyl + [S@y =yl + [ly — ]| <e.

This proves continuity at ¢ = 0 for all z € B. Let ty > 0 and let h — 0 with
to + h = 0. By the semigroup property,

1S (to + h)x = S(to)x|l = |S(to) (S(h)x — z) || < [|S (o) 1S (h)z — .
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By (ii), ||S(t0)|| < Me*° < oo, and by the previous step we have ||S(h)z —z|| —
0 as h — 0. Hence ||S(to + h)x — S(to)z|| — 0 as h — 0, which shows that ¢ —
S(t)x is continuous at to. Since to was arbitrary, S is strongly continuous. [

For a Cy-semigroup {S(t)}+>0, the map (¢,z) — S(t)z is jointly continuous
in t and z. Concretely, for every € > 0, tg > 0, and zy € B, there exists § > 0
such that
IS(#)x — S(to)xol| < e

whenever |t — tg| < ¢ and ||z — zo|| < 9.

Theorem 2.5. If S is a Cy-semigroup on B, then the map (t,x) — S(t)x € B

is jointly continuous from Ry x B into B.
Proof. Fix (tg,z9) € Ry x B and € > 0. As in the proof of Theorem the

local boundedness of Cy-semigroups implies that

M := sup [|S(t)] < 0.

[t—to|<1

Choose 0§, := 5537. Then, for every x € B with ||z — || < J, and every ¢ with
[t —to] < 1, we have

3

15@) (@ = 2o)|| < IS llz = zoll < M|z — 2ol < 3

By strong continuity at to, there exists d; > 0 such that whenever |t — ¢o| < ¢,
€
1S(t)zg — S(to)zo| < 7
Therefore, for |t — tg| < min{1,d;} and ||x — x¢|| < &, we obtain

IS(t)z = S(to)ao|l < IS@) (@ — o)l + [S(B)zo = S(to)roll < 5+ 5 =e.

This proves joint continuity. O

The generator of a Cy-semigroup captures its infinitesimal time evolution:

it describes the instantaneous rate of change of S(t)x at ¢ = 0.

Definition 2.6. Let {S(t)};>0 be a Cp-semigroup on a Banach space B. The
generator L is defined by

Lz := lim M
hl0 h

)
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for all z in the domain

S(h)x —

D(L) := {x € B: lim
hl0

T
exists in B} .
A priori, the domain D(L) could be small. The next theorem shows that
this never happens for generators of Cp-semigroups.

Theorem 2.7. Let L be the generator of a Cy-semigroup {S(t) }1>0 on a Banach
space B. Then D(L) is dense in B.

Proof. Fix x € B and for ¢ > 0 define

t
Tt ::/ S(s)x ds,
0

where the integral is understood in the Bochner sense. We first note that

lxt -z = }/0 (S(s)x —x)ds.

t t
Since s — S(s)x is continuous and S(0)x = x, we have S(s)x — z as s | 0;

hence the right-hand side converges to 0 as ¢t | 0. Therefore,

lim-x; =« in B.
tl0 t

Consequently, it suffices to show that x; € D(L) for every ¢ > 0, because then
elements of D(L) approximate an arbitrary x € B.

To verify x; € D(L), use the semigroup property:

t+h

S(h)xy = /075 S(h)S(s)xds = /Ot S(h+ s)xds = /h S(r)xdr.

Hence

S(h)xy — xe = /h

Dividing by h and letting h | 0, continuity of r — S(r)z yields

t+h

S’(r)xdr—/otS(r)xdr:/tt+h5(r)mdr—/oh5(r)xdr.

. S(h)xt — Tt
liﬂrol — = S(t)x — S(0)x = S(t)x — .

Therefore the defining limit exists, so x; € D(L) for all ¢t > 0. Since %xt — x as
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t ] 0, this proves that D(L) is dense in B. O

Let {S(t)}t>0 be a Cp-semigroup on a Banach space B with generator L.
We consider the abstract Cauchy problem

d
Zelt) =La(t),  2(0)=w. 22)

The next theorem shows that for initial data x € D(L) (which is dense in B),
the semigroup orbit u(t) = S(t)x is a classical solution.
Theorem 2.8. Let {S(t)}i>0 be a Cy-semigroup with generator L. Then:

(i) S(t)D(L) C D(L) for everyt > 0;

(i) for every x € D(L) and t > 0,
LS(t)x = S(t)La;
(i1i) for every x € D(L), the map t — S(t)x is differentiable on (0,00) and
0¢S(t)r = LS(t)x = S(t) Lz, t>0.
Proof. Fix x € D(L). We first prove (i) and (ii). Let ¢ > 0. By the semigroup

property,
S(t+ h)x — S(t)x

h

Since x € D(L), the limit of % exists in B as h | 0 and equals Lx. Because
S(t) is bounded, we obtain
S(h)S(t)x — S(t)x

LS(t)x = lhl% . = S(t)Lx.

In particular, the defining limit exists for S(¢)x, so S(t)x € D(L). This proves
(i), and the identity above gives (ii).

We now prove (iii). Fix ¢ > 0. For the right derivative, we have

S(t+ h)z — S(t)z

- Stz == — S(t)Lx = LS(t)x.

h h10

= S(t)

For the left derivative, take 0 < h < t and write

S(t)x —S(t—h)x _ S(t—h)S(h)x—S(t—h)z
- = ; =St —h)
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As h ] 0, we have S(t —h) — S(t) strongly and % — Lz in B. Using local
boundedness of ||S(+)|| on [t — 1,t], the product converges to S(t)Lz = LS(t)z.
Therefore, the left and right derivatives agree, so t — S(t)z is differentiable at
t and

OS(t)r = LS(t)x = S(t)Lx.

O

Corollary 2.9. Suppose x : [0,T] — D(L) satisfies (2.2). Then x(t) = S(t)xo
for all t € [0,T]. In particular, no two distinct Cy-semigroups can have the

same generator.

Proof. Fix T > 0 and define f : [0,T] — B by
f@):=S(t)x(T —t).

Let t € (0,7) and let A > 0 be small. Using the semigroup property and

adding/subtracting terms, we compute

Ft+h)—ft)  St+h)a(T —t—h)— SH)z(T —t)

h h
. [S(h)x(T—t—h}i—x(T—t—h)}
+5(0) [:U(T—t—h})l—x(T—t)] .

As h | 0, we have (T —t — h) — x(T — t) and =(T — t) € D(L), hence

S(h)a(T —t — h) — 2(T — t — h)
h

— Lz(T —t).

Moreover, since z is differentiable and satisfies 0;x = Lz,

x(T—t—h)—xz(T—-1t)
h

— —Owx(T —t) = —Lax(T — t).
Therefore,

lim = S(t)La(T — t) — S(t)La(T — t) = 0.

h10

flt+h) - f(t)
h

A similar computation for h 1 0 yields the same limit. Hence f’(t) = 0 for
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t € (0,T), so f is constant on [0,T]. Evaluating at t =0 and ¢t = T gives

Since T was arbitrary, it follows that x(t) = S(t)zo for all ¢ € [0, T]. O

Lastly, we conclude this subsection with the Hille-Yosida theorem, which
characterises the generators of Cy-semigroups. Before stating it, we introduce
the resolvent of an operator and explain its connection to semigroups via Laplace

transforms.

Definition 2.10. Let L : D(L) C B — B be a (not necessarily bounded) linear
operator. The resolvent set p(L) is the set of A\ € C such that

M —L:D(L)— B

is bijective and its inverse extends to a bounded operator on B. For A € p(L)
we write

Ry:= (M- L)' € L(B),
and call Ry the resolvent operator.

The following properties of the resolvent set and resolvent operator are fun-

damental in semigroup theory. We state them without proof.

Theorem 2.11. Let B be a Banach space and let L : D(L) — B be a linear

operator.
(i) Openness: p(L) is open in C.

(i) Resolvent identity: for )\, € p(L),

Ry — th = (/1, - )\)R)\R#.

(i1i) Uniqueness: knowing Ry for one A € p(L) determines L uniquely.

The next theorem makes the link between semigroups and resolvents precise:
the resolvent of the generator can be recovered as the Laplace transform of the
semigroup. This identity will be the key tool when we later move to the Hille-
Yosida theorem, since it translates analytic bounds on the resolvent into growth

bounds for the semigroup (and vice versa).
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Theorem 2.12. Let {S(t)}i>0 be a Cy-semigroup on B with generator L, and
assume that ||S(t)|| < Me™ for allt > 0. If A € C satisfies ReX > a, then
A€ p(L) and

Ryx = / e MS(t)x dt, x € B, (2.3)
0

where the integral is understood in the Bochner sense in B.

Proof. Fix X\ with Re A > a and define, for z € B,
AN ::/ e MS(t)x dt.
0

We will show that Z, is a bounded operator and that it is precisely the inverse
of \I — L.

We begin by checking that the integral defining Z) is well behaved. Using
the growth bound on S(t),

le 5 (1)] < Me~(ReA-ar,

so the integrand decays exponentially and the Bochner integral converges in

norm. In particular,

M

7 < M —(ReX—a)t dt = ——
12 / e T

Next, we verify that Z is a right inverse for A\I — L. Fix x € B and h > 0.
By the semigroup property and a change of variables,

S(h)Zyx :/ e MS(t+ h)xdt = eAh/ e MS(t)x dt.
0 h

Subtracting Zyz and dividing by h yields

Jow— 7 A _ 0o Ah h
S(h)Zyx \T € / e MS(t)x dt — % / e MS(t)x dt.
0 0

h h

As h | 0, the first term converges to AZyx. For the second term, continuity of
t — S(t)x at 0 implies
1

h
7/ e MS(t)xdt — x,
h Jo
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so the second term converges to x. Therefore the defining limit exists and
LZyx = A\Zyx — x,

which is the same as saying (Al — L)Z x = « for every x € B. Hence A\ — L is
surjective.

It remains to show injectivity. Suppose (A — L)z = 0 for some = € D(L),
i.e. Lv = A\z. Define u(t) := eMx. Then v/(t) = Mu(t) = Lu(t) and u(0) = z.
By uniqueness of classical solutions (Corollary 2.9), we must have u(t) = S(t)z.
Taking norms gives

IS@)zl = [leMall = e ||z

If x # 0, then |S(t)| = eRe*! for all t > 0, contradicting ||S(¢)| < Me® when
Re A > a and t is large. Hence x = 0, so AI — L is injective.

Since A\ — L is bijective and Z) is bounded and satisfies (A\] — L)Z) = I,
we conclude that A € p(L) and Ry = Zj, i.e.

R,\x:/ e MS(t)x dt.
0

O

Next, we collect a few basic properties of generators of Cy-semigroups. These
will be used repeatedly in the proof of the Hille-Yosida theorem, where one
works primarily with resolvents and closedness properties rather than with the

semigroup directly.

Definition 2.13. An operator L : D(L) — B is closed if its graph
G(L) :={(z,Lz):x € D(L)} CBx B

is closed. Equivalently, if z:, € D(L), x,, — x, and Lz,, — y in BB, then « € D(L)
and Lx = y.

Theorem 2.14 (Double Cauchy criterion). An operator L is closed if and only
if whenever {x,} C D(L) satisfies that {x,} is Cauchy in B and {Lz,} is
Cauchy in B, then the limits exist and satisfy

x:= lim z, € D(L), Lz = lim Lax,.

n—oo n—oo

One of the main properties of generators of Cy-semigroups is that they are
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always closed operators.

Theorem 2.15. Let L be the generator of a Cy-semigroup {S(t)}i>0 satisfying
|S(t)|| < Me®. Then L is closed.

Proof. We may reduce to the case a = 0. Indeed, define g(t) = e~ S(t), which
is again a Cy-semigroup. Its generator is L=L-—al , and L is closed if and
only if L is closed.
Assume now a = 0. By Theorem we have 1 € p(L), hence (I —
L)~t € L(B). Let {z,} € D(L) be such that x, — x and Lz, — y in B. Set
= (I - L)z, = v, — Lx,,. Then 2, — x —y. Applying (I — L)~! and using

continuity, we obtain
an == L) 2y — (I - L) 'z —y).

By uniqueness of limits, z = (I — L)~ *(z—y),sox € D(L) and (I — L)z = x —y,
i.e. Lv = y. Thus L is closed. O

The final ingredient we need before stating the Hille-Yosida theorem is a
quantitative estimate on the resolvent: not only is R) bounded when Re A > a,
but its powers satisfy uniform bounds. These bounds will become the resolvent

growth condition appearing in Hille-Yosida.

Theorem 2.16. Let L be the generator of a Cy-semigroup {S(t)}i>0 with
S(#)]| < Me*. If Re X > a, then for every n € N,

M

n < .
HR)\” ~ (Re)\fa)”

Proof. Using the (2.3]) and iterating n times, we obtain

(oo} (oo}
Ny = / / e MUt G(t 4ot dty - diy,.
0 0

Taking norms and using ||S(t)|| < Me® gives
o0 o0
1R <M/ / e~ (ReA=a)(trttt) gp L ar (]l
0 0

Therefore,

M
Ry <M —(ReAma) (bt thn) gty oty =
I3 < / / " (ReA —a)"
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O

The Hille-Yosida theorem shows that the properties we have derived for
generators of Cp-semigroups are not only necessary but also sufficient. In other
words, resolvent bounds completely characterise which (densely defined, closed)

operators generate a Cp-semigroup with a prescribed growth bound.

Theorem 2.17 (Hille-Yosida). Let L : D(L) C B — B be densely defined and
closed. Then L generates a Co-semigroup {S(t) >0 satisfying ||S(t)| < Me*
if and only if

AeC:Red>a} Cp(L) and |RY| < for allm > 1.
A n

(ReA—a)
Sketch of proof. The necessity of the resolvent conditions was already estab-
lished in Theorems [2.12] and We now explain, at a high level, why these
resolvent bounds are also sufficient to construct a Cy-semigroup with generator
L.

Assume therefore that L is densely defined and closed, that {ReA > a} C

p(L), and that
M

n R
IR < or— e

n>1.
For real A > a we introduce the bounded operator
Ly := ALR) € L(B).
Using (Al — L)Ry = I we have LRy = AR — I, hence the concrete formula

Ly =AARy —I) = ARy — AL

The point is that Ly is bounded, so it generates a uniformly continuous semi-
group, and as A — oo it behaves more and more like L on D(L).
To make this precise, we first recall a standard consequence of the resolvent

estimates: for every x € B,
ARyx —»x inB as A — oo.

Equivalently, LRyx = ARyz—x — 0 for every x € B. In particular, if z € D(L),
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then Lz € B and we may apply this convergence to Lz to obtain
|Lxz — Lz|| = |A\LR 2z — Lz|| = |ARxLx — Lz|| = |[(ARx — I)Lz| — 0.

So Ly approximates L on D(L).
Since L) is bounded, we can define the associated uniformly continuous

semigroup by the exponential series

[ee] n

Sa(t):=etr =% L% t>0
"0 n

The resolvent bounds imply uniform control of these semigroups. Concretely,

one shows that there is a growth estimate of the form
1Sx(#)|] < Me™t for all t > 0,

with constants ¢ that can be chosen so that ¢y | @ as A — oco. In particular, for
A large we may simply keep the rough bound ||Sy ()| < Me?* (when a > 0).

With these uniform bounds in hand, one can take limits. Fix ¢ > 0. Using the
approximation Lyx — Lz on D(L) together with the uniform growth estimate
for Sy, one proves that for each © € D(L) the family Sy (¢)x is Cauchy as A — oo.
Since D(L) is dense and sup, ||Sx(t)|| < oo for fixed ¢, the limit extends uniquely
to every = € B. We therefore define

S(t)x := lim S\(t)z, z € B.
A—00

The semigroup property is inherited from the approximations: since S (t +
s) = Sx(t)Sx(s) for every A, passing to the limit yields S(t 4+ s) = S(¢)S(s).
Strong continuity follows from the fact that each S} is strongly continuous and
that the convergence Sy (t)z — S(¢)x is uniform for ¢ in compact intervals (for
each fixed ), which allows one to interchange limits in ¢ and A.

Finally, we identify the generator. Let L denote the generator of the semi-
group {S(t)}+>0 just constructed. For the bounded semigroups we have the

variation-of-constants identity

S\(hz—x 1

t
= / Sa(s)Lyz ds, x € B.
t t /s

Fix ¢ € D(L). Using Lyz — Lz together with the uniform bounds on Sy(s),
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we may pass A — oo inside the integral to obtain

St)r —x
—5—=

1 t
f/ S(s)Lxds.
tJo

Letting ¢ | 0 then shows that z € D(L) and Lz = Lz for all z € D(L). To
conclude equality of operators (not just an extension), one uses the resolvent
characterization: both A — L and AI — L are bijective for Re A > a, hence their
inverses coincide on B, which forces D(L) = D(L) and L = L. O

2.2 Adjoint semigroups on dual spaces

Let B be a Banach space with dual B*. We write the duality pairing as
(£, x) == L(x), teB*, zeB.

Definition 2.18. Let L : D(L) C B — B be a linear operator. The adjoint
operator L* : D(L*) C B* — B* is defined by the domain

D(L*):={t e B*: 3¢ € B* such that (¢,Lz) = ({',x) Yz € D(L)}.
For £ € D(L*), we set L*( := {', equivalently
(L*¢,x) = ({, Lx), Vo € D(L).

If {S(t)}i>0 is a Co-semigroup on B, its adjoint family {S*(¢)}:>0 on B*
is defined by
(S* (), z) == (¢, S(t)x), leB*, zeB.

Theorem 2.19 (Adjoint relations). Let {S(t)}i>0 be a Co-semigroup on B with
generator L. Then for every £ € D(L*):

(i) (Invariance and commutation) For every ¢t > 0,

S*(t)0 e D(L*) and L*S*(t)¢ = S*(t)L*L.

(i1) (Differentiability of the pairing) For every x € B, the map t — (¢, S(t)x)

18 differentiable and

d *
o (L8@M)x) = (L7, S(t)z), ¢

\Y%
o
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Proof. Fix £ € D(L*). We begin by showing that D(L*) is invariant under the
adjoint semigroup and that L* commutes with S*(¢) on this domain. Take ¢t > 0
and x € D(L). Using the semigroup property and the identity LS(¢)x = S(¢) Lz,

we compute
(S*(t)0, L) = (£, S(t)Lx) = (¢, LS(t)x) = (L*¢, S(t)z) = (S*(¢)L*(, x).

This shows that S*(¢)¢ € D(L*) and that L*S*(t)¢ = S*(t)L*¢, proving (i).
With (i) in hand, we next verify the differentiability statement when x lies

in the generator domain. Let x € D(L). Then

d {6, S(t+ h)x) — (¢, 8(t)x)
7 (65(t)2) = lim Y

L S(h)S(t)x — S(t)x

= fim, <€’ h >

= (¢, LS(t)x) = (L"¢, S(t)x),

where the last equality uses (¢, Ly) = (L*{,y) with y = S(¢t)x € D(L).
Finally, to extend the differentiability to arbitrary x € B, fix T" > 0 and
choose x,, € D(L) with z,, — = in B. Define

f@) = {SMx),  fult) = (6 SH)zn),

and

g(t) == (L, S(t)x),  gnlt) := (L S(t)xn).

By local boundedness of Co-semigroups, sup¢(o 71 [|S(t)[| < oo, hence f, — f
and g, — ¢ uniformly on [0,7]. From the previous paragraph, for each n and
all ¢t € [0, 7],

t
£2(0) = £00) = [ gul)ds.
0
Passing to the limit and using uniform convergence yields
t
16~ 10) = [ gls)ds.
0

Therefore f is differentiable on [0,T] with f'(¢) = g¢(¢). Since T > 0 was
arbitrary, the identity holds for all ¢ > 0. O

One might hope that {S*(¢)}:,>0 is again a Cy-semigroup on B*. This is,
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however, false in general, as the following example shows.

Example 2.20 (The adjoint semigroup need not be strongly continuous on
B*). Let B = C(]0,1],R) equipped with the supremum norm | - ||oc. By the
Riesz representation theorem, B* can be identified with the finite signed Borel

measures on [0, 1], equipped with the total variation norm

[

Consider the Neumann heat semigroup, defined for f € C([0,1]) by

lull7y == sup
lelloo <1

1
(SU)ﬂ(I):lé P (2, 9) 1 () dy

where -
pN(z,y) =142 Z e~ cos(nmz) cos(nmy).
n=1
We claim that
S*(t)(SQ 7L> (50 in || . ||TV as t J, 07

and therefore {S*(¢)}+>0 is not strongly continuous on B*.
Fix t > 0. We show that ||S*(¢)do — do|lrv = 2. For r > 0 define the test

function

]-7 MRS [0,7’}7
or(z) =q1-222 g€ [r2r] so that |6r |00 = 1.
-1, x € [2r,1].

By the definition of the total variation norm and of the adjoint semigroup,

5™ (t)d0 — dollrv =

1
A¢mwwm—%)
= [(S(t)pr)(0) — ¢ (0)] = [(S(t)$r)(0) — 1.
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Using ¢ < 1 on [0,2r] and ¢, = —1 on [2r, 1], we obtain

1
(5(1)6,)(0) = / P (0.4)6, () dy

2r 1
</ in(O,y)dy—/ PN (0,y) dy
0 2r

2r
=2/ P (0,y)dy — 1,
0

where we used fol pN(0,y) dy = 1. Choose r > 0 so small that fQT N(0,y)dy <
€. Then

(SHe)0) <2 =1 = |(St)$r)(0) — 1] > 2 - 2.

Letting € | 0 yields ||S*(¢)do — do||7v = 2. In particular, S*(¢)dg # oo in || - ||7v
ast | 0.

To recover strong continuity, it is natural to restrict the adjoint family S*(t)

to the norm-closure of D(L*):
B =D 5.

Theorem 2.21 (Phillips). For every { € B* there exists a sequence (£,,) C BT
such that
by (x) = L(x) for all x € B.

Equivalently, BT is weak-+ dense in B*.

Proof. Let R,, := (nI — L)~! for n sufficiently large (for instance, n > a under
the growth bound), and define

Ly =nRL.
Since R, maps B into D(L), its adjoint RX maps B* into D(L*). Hence £, €
D(L*) C BT,
For x € B we have

lo(x) = by, z) = ({,nR,x).

From the resolvent identity (nf — L)R,, = I we obtain nR,, — I = LR,,. There-
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fore,
InRpz — || = || LRyz||.

As shown in the Hille-Yosida argument, LR,z — 0 for each fixed = € B, hence
nR,x — x. Consequently, ¢, (x) — £(x) for every x € B. O

Theorem 2.22 (Adjoint semigroup on BY). Let {S(t)}i>0 be a Co-semigroup
on B with generator L, and set Bt = WHIHB*, Then {S5*(t)}t>0 restricts to
a Cy-semigroup on the Banach space BY. Its generator L' is the part of L* in
B, namely

D(LY)Y ={¢teD(L*): L*lc B}, Lo .= ¢

Proof. We check strong continuity of S*(¢) on B! using the standard criterion
in Theorem 2.3
The first condition is growth bound. Since ||S*(t)|| = ||S(¢)||, we have

IS*®llsr < 1S*@)ls- = IS@ < Me*, ¢ >0.

The second condition is the continuity at ¢ = 0 on a dense subset. Let
¢ € D(L*) and = € B. By Theorem and the commutation L*S*(s)¢ =
S*(s)L*¢, we have

t t
(S*(t)l — ¢, x) :/ (L*S*(s)¢,x) ds :/ (S*(s)L*¢, x) ds.
0 0
Taking the supremum over ||z|| <1 yields

IS* ()¢ — £l = sup [{S*(t)¢ — ¢, )]

llzll<1

t t
</ sup |(S*(8)L*€7x>|ds:/ [IS*(s)L*¢| ds
0 0

llzll<1
¢ ¢
< ||L*£\|/ 157 ()|l ds < IIL*¢] / M ds — 0.
0 0 10
Thus S*(t)¢ — ¢ for all £ € D(L*), which is dense in Bf by definition.

The growth bound and continuity at 0 on a dense set imply that S*(¢) is a

Cy-semigroup on Bf.
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Finally, the resolvent of the generator on BT is given by the Laplace formula
o0
Rif= / e MG (1) dt,
0
which is exactly the restriction of R} to B'. Hence the generator is the part of

L* in BT, i.e. the stated operator Lt. O

Next we discuss the special case of self-adjoint operators on Hilbert spaces.
In this setting the picture is considerably simpler, since the Riesz representation
theorem allows us to identify H with its dual.

Let H be a Hilbert space with inner product (-, -).

Definition 2.23. A densely defined operator L : D(L) C H — H is self-
adjoint if D(L) = D(L*) and L = L*, equivalently,

(Lx,y) = (x, Ly) for all z,y € D(L).

From now on we assume, for convenience, that L is bounded above: there
exists C' € R such that

(Lz,z) < C|lz|?, xz € D(L).
Replacing L by L — CT reduces us to the case
(Lz,x) <0, x € D(L),

which we will refer to as negative definite in this context.

Theorem 2.24 (Spectral theorem, simplified form). If L is self-adjoint on
H, then there exist a measure space (M, u) and a unitary operator K : H —
L?(M, i) such that

L=K'M; K,

where My, is the multiplication operator

for some real-valued measurable function fr,.

Using the spectral theorem, we may define a functional calculus for self-
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adjoint operators. For any bounded Borel function f : R — R, set
f(L) == K 'M;oy, K.
Then (fg)(L) = f(L)g(L) and

IFD = [1f o Frll Lo Mo

Remark (Semigroup generated by a self-adjoint operator). If L is self-adjoint
and (Lz,r) <0, then S(t) := L defines a Cy-semigroup of contractions on H,
and

et = K='M_ s, K.

Remark (Negative definiteness implies fr, < 0). If (Lz,z) < 0 for all z € D(L),
then fr(m) <0 for py-a.e. m. Indeed, for x € D(L),

0> (Lz,z) = (KLx,Kz) = (My, Kz, Kz) = /M fr(m)|Kz(m)|? du(m),

which forces fr < 0 almost everywhere.

The next result shows that self-adjoint semigroups have a strong regularising
effect.

Theorem 2.25. Let L be self-adjoint and satisfy (Lz,x) <0, and let S(t) = et
be the generated semigroup. Then for every a > 0 andt > 0,

S(t)yH c D((1— L)),
and there exists Co, > 0 such that for every t >0
(1= L)*St)]| < Ca(14+t7°).
Proof. By the spectral theorem and functional calculus, and using f;, < 0 a.e.,

0= LSO = 10 = Jo)*e e = sup(1 +A)e

where we set A := —fr, > 0.
Choose C, > 0 such that (1 + X\)® < Cy(1 + A%) for all A > 0. Then

sup(1 4+ \)% M < C, (sup e M 4+ sup )\ae)‘t> .
A0 A0 AZ0
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The first term is at most 1. For the second term,

sup A%e M =t Y supa®e T <t a% .
A0 x>0

Combining these bounds yields ||(1 — L)*S(¢)| < CL(1 + ¢=%). In particular,
for every € H we have (1 — L)*S(t)x € H, i.e. S(t)z € D((1 — L)*). O

2.3 Analytic semigroups

An important class of Cy-semigroups are those that extend to holomorphic semi-
groups in some sector of the complex plane. These semigroups arise naturally
when studying parabolic equations, and they have stronger regularising proper-

ties than general Cy-semigroups.

Definition 2.26. Let S(t) be a Cp-semigroup on a Banach space B. We say
that S is analytic of angle 6 < (0, §) if the following hold:

(i) Analytic extension: z — S(z) is analytic on the sector

Ag={z€C:|argz| <6}

(ii) Semigroup law: S(z1 + z2) = S(21)5(22) for all 21, 22 € Ay.

(iii) Rays are Cy: For each ¢ with |p| < 0,
S, (t) := S(e#t), t >0,

defines a Cy-semigroup on B.

If 0 is the largest angle for which these properties hold, we call # the angle of
analyticity of S.

The next theorem shows that we can find a uniform bound for analytic

semigroups on smaller sectors.

Theorem 2.27 (Uniform bounds on rays). Let S be an analytic semigroup with
angle 0. Then, for every 8 < 0, there exist constants M (6'),a(0") > 0 such
that

1S, () < M (@) )t vt >0,]p <0
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Proof. Fix 6/ < 6. For each t > 0 and |¢| < #’, one can write
te’ =t e 4 t_e

where

t (cosp  singp
ty = + .
72 (cos 6" siné’ )

There exists a constant C' > 0 such that
t 1
t+ <=-|—+1) <Ct.
£33 <cos o' * >

Now, since along the boundary rays the semigroups Sy and S_g are Cp-

semigroups, there exist constants Mi,a+ > 0 such that
[|Sxer (t)]] < Mye®', ¢>0.

Thus, by the semigroup property,

1S @) = [1Ser (t4) S—or ()l
1o (E) 1S - (£-)]
M M_ea+ts+a-t-
M, M_Clasta)t

_ M(Q/) ea(&')t.

N

NN

This proves the claim. O

In fact, we can express the generator of analytic semigroups on each ray in
terms of the generator on the positive real axis.
The following theorem compute the generator of S,(t) in terms of the gen-

erator of Sp(t).

Theorem 2.28. Let S be an analytic semigroup with angle 8 and generator L.

Then, for |¢| < 6, the generator L, of S, satisfies

L, =e"¥L.

Proof. In the following, we write Ry = (A — Lw)_l. For A € C with Re())

sufficiently large, we have
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R,\x:/ e MS(t)xdt.
0

Fix |p| < 6. Since the map z — e **S(z)z is analytic on Ay, we then
integrate it on the closed contour v = ~; + 72 + 3, where

v :[0,8] = Coyi(t) =t
72 1 [0, ¢] = C,a(t) = se™
31 [0,8] = C,y3(t) = € (s — 1)
By Cauchy theorem, we have f., f(z)dz = 0 and since, provided again that

Re X is large enough, f(z) decays exponentially to 0 on 75 as s — 00, we can
deform the contour of integration to obtain

o0 ) .
Ryx = e“"/ e g (e“"t) xdt
0
This shows that
R\ =€"YRY ..
This is equivalent to

-1

A—L) ' =e¥ (X —L,) =(A—eT"L,),

thus showing that L, = e L as stated. O

Similar to the case of general Cy-semigroups, one can characterise the gen-

erators of analytic semigroups via resolvent bounds.

Theorem 2.29 (Hille-Yosida for analytic semigroups). A closed densely defined
operator L on B is the generator of an analytic semigroup if and only if there

exists 6 € (O, g) and a > 0 such that the resolvent set of L contains the sector

VgTa:{a+rei“’:r>0, pE (—g—é), 5

and there exists M > 0 such that for every A € Vj o, the resolvent Ry satisfies
the bound

+6)}

IRA|| < Md (N Vi)™

Proof. The forward direction follows directly from Hille-Yosida of strongly con-
tinuous group and Theorem ([2.28]).
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Conversely, We now assume the sectorial resolvent condition and construct
an analytic semigroup by a contour integral. Pick ¢ € (0,60) and b > a. Let v,
be the curve oriented counterclockwise along the boundary of the sector S ;

(as in the figure). For every w with |arg(w)| < ¢, define

S(w) := — e’ R, dz.

By the assumed resolvent bound, for every z € 7, ,

M M
2 < < = M.
IR < 75 < 7o

Parametrise v, = 74+ — v- by
i oz =b+retiEte) r € [0, 00).

Since | arg(w)| < ¢, one has Re(w e**(3+%)) < 0, hence Re(wz) — —oc linearly
in r along both rays. Therefore the integral defining S(w) converges absolutely
and defines a bounded operator. Moreover, the definition is independence of
the choice of b and .

We now prove it is an analytic semigroup. Pick wq,we with |arg(w;)| < ¢
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and choose by > by > a. Then

S(w1)S(ws) = (21 2/

'R, — R.
— w1z+w2z dZdZ/,
2 2 — 2
Ye,bo VY

where we used the resolvent identity R, R. = R __P;z’. Splitting the integral,

2!

/ wlz+wzz R R dZdZ
ot

we obtain

1 woz’
S('LUl)S(wQ) = W/ ewlzRZ </ Ze/ e dZ/) dz
Ye,b1 Y

@,bo
]. /
(274)2 ~

, ewlz
ev?* R, / - dz | d2'.
Non, 2 T
For fixed z € y,4,, we can close 7y, 1, to the right; since z lies strictly to the left

@,bo @,by

of v,.5,, the integrand has no pole inside and the inner integral equals 0. For
fixed 2’ € 7,4, closing 4,4, to the right encloses the pole at z = 2/, hence by

Cauchy’s integral formula,

ewlz
- dz = 2mie"'?
~ Z -z

w,by

Plugging these into the previous display yields

1 /
S(wl)S(U}Q) = Tm/ e(w1+w2)z RZ/ dZ/ = S(w1 + ’wg).
Y

;b2

To prove the strong continuity on each ray, we fix |p| < 6 and pick b > a
and ¢’ > |p|. For t > 0 we have

S,(t)r = S(et)r = L / e*R.xdz.
Yo' b

211

Since the integrand is dominated by an integrable function independent of ¢ in

a neighbourhood of ty. Hence, by dominated convergence,

lim S, (t)x ! - / lim e"” R,z dz = S, (to)x.
Yo!

t—to 27m . t—to
@’

Thus S, is strongly continuous.
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Lastly, we show the generator of S is L. Let L be the generator of the
constructed semigroup and denote its resolvent by ]/%A. We show that ]%\ = R,
for ReA > a. Fix such a A and choose b < ReX. Then Re(z — A) < 0 for all

Z € Ypp, and we compute (for z € B)

~ o 1 &
R,\x:/ e MS(t)rdt = —— / VR dz dt
0 21 0 Yoo
©,

1 e 1 R
= —/ </ elz=) dt) R.xdz = — Ead dz,
2mi J,,, \Jo 2mi )y, , A=z

where we used Fubini’s theorem (justified by the exponential decay in ¢ and the

resolvent bound on v, 5). Moreover, the integrand satisfies a decay estimate of
the form
1 1

1
ST ~ o as |z| — oo along the contour,

R,
A—z

so we may add a large semicircle on the right and apply the residue theorem to

enclose the simple pole at z = A. This yields
EAI = R)\I.

Therefore L = L, and the proof is complete. O

Using the Hille-Yosida theorem for analytic semigroups, we can now test
whether specific differential operators generate analytic semigroups. The first
example is the translation operator, which does not generate an analytic semi-
group, while the second example is the heat operator, which does generate an

analytic semigroup.

Example 2.30. Let L = -L on L?(R) with domain D(L) = H'(R). Then L
cannot be the generator of an analytic semigroup.

We claim that o(L) = iR. To see this, consider the operator
. d 2 1
Ly = —ig on L*(R), D(Lo) = H'(R).
x

We first show that Lg is self-adjoint. For f,g € C°(R), integration by parts
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yields

(Lof. g) = / —if' (@) (@) dx
- / f(z) Zig@) de = (f, Log) -

Since C2°(R) is dense in H!(R), the identity extends to all f,g € H*(R), so
Lg is symmetric. In particular, o(Lg) C R.

Next, fix A € R and we show that A € o(Lg). Arguing by contradiction,
assume that (A — Lo)~! exists and is bounded. Pick a nonzero f € C2°(R)
and, for each k € N, define

_ iei)\x 71.’E

Then g € HY(R) and ||gx|| = || f|| for all k, since

1 102
el = [ lon@Pdo = [ 21707 0)] do
R R
= [ Iy = 1712
R
Moreover, .
v AT —
(LO - )\[)gk(fﬂ) = *m@ A f/(k II) R
so ||(Lo — AD)gk|| = k=1 f'||- Hence,

£l = llgrll = || (Lo — AI) ™" (Lo — AI)gx||
< |[(Lo = A7 (Lo — ADgkll = k= I(Lo — AD) M L[]

Letting k — oo forces || f|| = 0, a contradiction. Therefore A € o(Ly) for every
A € R, and thus o(Ly) = R. Since L = iLg, we obtain o(L) = iR.

Since o(L) = iR, the resolvent set p(L) cannot contain any sector
; ™
Voo :={a+re?: r>0, |p| <F+0}, 66(0,§>,

based at some a > 0. By the analytic Hille-Yosida theorem, L cannot be the

generator of an analytic semigroup.

Example 2.31. Let L = d‘fz on L?(R) with domain D(L) = H?>(R). Then L

is the generator of an analytic semigroup.

63



We first note that for f,g € C°(R), integration by parts gives

(L1, g /f”
/f da:—/f 7@ d = (f, Lg).

Since C°(R) is dense in H?(R), the identity extends to all f,g € H*(R), so L
is self-adjoint. Moreover, L is negative definite: for every f € H?(R),

w0 = [ 1@ F@de == [ 17/ @)Pdr <

Hence o(L) C (—00,0], so the resolvent set p(L) contains C\ (—oo, 0], in par-
ticular the sector Vj /2.

Finally, for every A € C\ (—o0, 0], we claim that

1

HRAH < m

Fix v € D(L) with u # 0. Then

M = Lyu, u)| = [, w) = (Lu, u)| = [Aul? + |||
= [[ull®[A +al,

where a := ||«/||?/]|u]|?> > 0. By Cauchy-Schwarz,

IA = Ly flull = [((A = L)u, u)| = [lul]* X+ al
|

=
> [lull? Inf |A +b] = [[ull* d(X, (=00, 0]).
Dividing by |[|u| yields

IAM = Lu]l = d(A, (=00, 0]) [Jull,

and taking the supremum over u # 0 shows

1

HRAH < m

Therefore, by the analytic Hille-Yosida theorem, L generates an analytic semi-

group (the heat semigroup).
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The next theorem shows that perturbing the generator of an analytic semi-
group by a sufficiently small operator still yields the generator of an analytic

semigroup.

Theorem 2.32 (Perturbation of analytic semigroup generators). Let Lo be the
generator of an analytic semigroup, and let P : D(P) — B be a linear operator
(the perturbation) such that:

(i) D(P) contains D(Lyg).

(ii) For every e > 0 there exists C. > 0 such that

1P| < el Lox| + Cellzll,  Va € D(Lo).

Then the operator L := Lo+ P with domain D(L) = D(Lyg) is also the generator

of an analytic semigroup.

Proof. By the Hille-Yosida theorem for analytic semigroups, there exist ag > 0

and 0y € (0, %) such that the resolvent set p(Lg) contains the sector Vg, g,-

Moreover, there exists M > 0 such that for every A € V, g,,

M

R < i,
H AH d()\7‘/060’a0)

where RS := (A — L)~ L.
Fix A € Vy,.0,- Since RY is bounded and maps B into D(Ly), for any y € B
we look for € D(Ly) solving

(M — L)z =y.
Writing z = Rz for some z € B, we obtain

(M — L)RY=> =y,

(M — Lo — P)R}z =y,
z— PR())\Z =1,

(I — PRY)z =y.

We claim that there exist a > ag, 0 € (0,6p), and a constant ¢ € [0,1) such
that for every A € V, g,
IPRY|| < e < 1.
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Assume the claim for the moment. Then for A € V 4, the operator I — PR(/{

is invertible and

1
1—c

(PRY)*, (I = PR)TI <

hE

(I- PR =

k=0

Thus 2z = (I — PRY) ™'y and x = Rz solve (\I — L)z =y, so X € p(L) and

IRyl = [l = |IRX(I — PRY) ™"y

B M < My
S 1-c Sd(, Vi a) = A\ Vg,
Therefore,
M//
RAll € 57—~
a0 Vg)

and by the Hille-Yosida theorem for analytic semigroups, L generates an analytic
semigroup.
It remains to prove the claim. By the assumption on P, for every € > 0 and
every x € D(Lyg),
1Pz < el|Lox|| + Ce||z-

Apply this with = = ng and take the operator norm to obtain
PRI < el LoRY || + Ccl| RA -
Using LoRY = AR — I, we get
LR3I < IN[[IRR +1,

hence
M(e|A + Ce)

dNVE )

» P0o,a0

IPRYI < (MR + 1) + CI BRIl < & +

Now choose 6 € (0,6p) and then a large enough so that there exists a constant
C'" > 0 with
d(\, Vg, 40) = C'|A| for all A € Vg 0.

Fix £ > 0 small enough so that ¢ < i and & < ﬁ, and then choose a large

enough so that

d(\, Ve ay) > AMC. for all A € Vg 0.
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With these choices, for every A € V,, g,

Me|| MC. 1

3
<
d(>‘7V9%,ao) d(A, ‘/9%,0,0) !

1
- =-<1
+4

IPRYI < e+ -

+

B~ =

This proves the claim. U

As a consequence of the perturbation theorem, we obtain the following ex-

ample.

Theorem 2.33. Let f € L>°(R). Then the operator

(Lg)(z) = ¢"(x) + f(x)g'(x)

on L*(R), with domain D(L) = H*(R), is the generator of an analytic semi-
group.

Proof. Let Ly = j—;, which is the generator of an analytic semigroup. Define

Pg:= fg' for g € H?*(R), so that L = Lo + P.
For g € H?(R),

|Pg|l? = / F@) P19 @) dz < |11 / 19/ ()2 da
R R
= f1B {9 ¢ < 1713 gl 1"l = 113 Nl 1 Zog]l

Using 22y < ex? + y? /e for € > 0, we obtain

[Fl2S
1Pgll < el Logll + == == g]|

Thus P satisfies the assumptions of the perturbation theorem, and therefore L

is also the generator of an analytic semigroup. O

2.4 Interpolation Spaces

Let L be the generator of an analytic semigroup {S(¢)}+>0. In this section, we

assume that there exist constants M > 1 and a > 0 such that
IS < Me=t, >0,

Under this assumption, the Hille-Yosida theorem implies that 0 € p(L). In

particular, L~! is well-defined and bounded.
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Definition 2.34. For a > 0, we define the negative fractional power of —L

by X -
(-L)"* = F(a)/o t*1S(t) dt,

where the integral is a Bochner integral in B.

By the assumed decay of S(t), the integral converges and defines a bounded

operator for every a > 0. Indeed,

—o L > a—1
1D < g [ IS a

o0
<%/ ta—le—atdt
L(a) Jo

M oo
= 7/ u* e % du
L(a)a™ Jo

_M

a®’

The next theorem shows that these operators satisfy the usual algebraic rule

for exponents.

Theorem 2.35. For every o, 3 > 0,

Proof. By definition,
_ —Q(__ B _ # Y a—1_p8-1
(-=L)"%(-L)" = F(a)F(ﬁ)/o /0 1 P TS (4)S(s) dt ds

*71 o a—1g8-1 s s
F(a)F(B)/o /0 ¢ S(t+ ) dt ds,

where we used the semigroup property. Setting u = ¢ 4+ s and integrating first
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over t € (0,u) gives

(—L)=(~L)~ = m /OOO (/Ou o1y — 1)1 dt) S(u) du

F(a)ll"(ﬁ) /OO e (/OlTal(l—r)ﬁldr> S(u) du
B(a,5)

_ a+ﬂ 1 U
= ()T () / Su)d

:¥ ~ a+pB-1 — (7 (at+p)
F(OH—,@)/O u S(u)du = (—L) ,

since B(a, ) = T'(a)T'(B8)/T(a + ). O

[e3

Corollary 2.36. For every a > 0, the operator (—L)™ is injective.

Proof. Fix o > 0 and choose an integer n > «. By Theorem [2.35
(L) = (L)~ "= (=L)™"

If (-L)"%z =0, then (—=L) "z = 0. On the other hand, since 0 € p(L), we
have —L invertible and therefore (—L)~?! is injective, which implies (—L)~" is

injective. Hence & = 0, proving that (—L)~ is injective. O

Using injectivity, we define positive fractional powers by inversion:

(—L)*:= ((-L)™*)"",  D((~L)*) = Range((—L)~®).

Remark. This definition agrees with the usual integer powers. For instance, we

have (—L)! = —L. Indeed, since S decays exponentially, the Laplace formula

at A = 0 yields
/ S(t)dt = Ry,

We can now define the interpolation spaces associated with L.

so taking inverses gives (—L)! =

Definition 2.37. For a > 0, we define the interpolation space B, :=
D((—L)*) equipped with the norm

[ella = (=)
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Similarly, define B_,, as the completion of B with respect to the norm
]| —a := [[(=L)"x]|5-

The next proposition records a basic monotonicity property of these spaces.

Theorem 2.38. If a > 3, then
B, C Bg,

regardless of the signs of a and (3.

Proof. Let us proof it by 3 cases. The first case is when a > # > 0. In this

case,

S0
Range((—L)™®) C Range((—L)™?),

which is exactly B, C Bg.

The second case is when 0 > o > 3. Here,
(=L)7 = (=L)"~*(=L)".
Since (—L)?~* is bounded, there exists C' > 0 such that
lzlls = I(=L)xll < CI(=L)*z]| = Cllz]a-

Thus the identity map on B is continuous from (B, | - ||o) into (B,] - ||3), and it
extends by continuity to the completions. Hence B, — Bg.

The last case is when a > 0 > . This follows from B, C By = B C Bg.
This completes the proof. O

The next proposition gives another useful representation of (—L)* for « €

(0,1). Tt has several important corollaries.
Theorem 2.39. Let o € (0,1) and x € D(L). Then

sin(ra)

(—L)%z = / T R~ Ly dt, (2.4)

™ 0

where Ry = (tI — L)™',
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Proof. Denote the right-hand side by

sin(ra)

Agz = 7/ t* 'Ry(—L)x dt.
0

™

We show that A, (—L)~ %z = x for every x € D(L).
Using the Laplace representation R, = [, e~""S(u) du, we obtain

Az = s1n5r7ra) /0 o1 < /0 T emtus () du> (—L)z dt

blIlT:TOK) /O (/OOO a1, —tu dt) S(u)(—L)z du

_ sin ma)T () /OoO w2 S(u) (= L) du.

s

Now plug in the definition

(-L) %z = ﬁ /000 v 1S (v)x dv
to get
A (—p)-og = S0 / / S(u + v)(—L)z du dv.

Make the change of variables r = u+v and w = v/(u+v) (so u = r(1 —w) and

v =rw). Then

Ao (—=L) %z = sin:ra / / rw)* (1 —w)] " (=L)S(r)ar dw dr
_ :O‘) (/O wo‘l(lw)o‘dw> /OOO(L)S(T)xdr
sin(ma)

- B(a,l—a)/ooo(—L)S(r)xdr

_ sin(ro)T'(a)T(1 — «) /OOO(_L)S(r)x dr.

™

Using I'(a)T'(1 — @) = 7/ sin(ma), this becomes

Aa(—L)fa:c:/O (=L)S(r)xdr.

Finally, since 0;S(t)x = LS(t)x for x € D(L), the fundamental theorem of
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calculus yields
T
/ (=L)S(r)xdr =z — S(T)x.
0
Letting T'— oo and we then have S(T)x — 0. This proves the identity. O
The following corollary gives a useful bound on (—L)®.

Corollary 2.40. For every o € (0,1) there exists Co, > 0 such that
I(=L)*z|| < CallLa||*[|2]I'~%, 2 € D(L).

Proof. Split the integral in (2.4)) at K > 0:

. K . oo
(—L)%z = M/ t* LR, (— L)z dt + w/ 1R, (— L)z dt.
™ 0 m K

We use the bound

oo
M
< / e B Me % ds < —, t > 0.
0

IR = H [ eestsas
0 t

For the first integral, note that R;(—L) =tR; — I, so
[Re(=L)l| < (1 +tl[Rel) || < (1 + M)|].

Therefore,

For the second integral, we simply use | R:(—L)z|| < || Re| || Lx|| < (M/t)|| L]
to get

1+ M
e

K K
/ 1oL Ry (= L)a dt <(1+M)/ L gt ]| = Kz
0 0

o0 o0 M
H/ t"‘lRt(—L)zdtH < M/ 122 gt | La|| = —— ko La.
K K 11—«

Combining these estimates,

I(=L)*@ll < Ca (K|l + K| La]])
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for a constant C, depending only on o and M. Choosing

1 —aLz|
a |z

yields the desired bound. O

The next theorem uses Corollary [2.40] to obtain a more concrete perturbation

result.

Theorem 2.41. Let Ly be the generator of an analytic semigroup {So(t)}i>o0.
Let P be a linear operator on B such that there exists o € [0,1) with

(i) Bo C D(P),
(ii) P is bounded from B, into B.

Then L := Lo + P is also the generator of an analytic semigroup {S(t)}i>0.

Moreover, for every x € B,
t
S(t)x = So(t)x + /0 So(t —s) P S(s)xds.
Proof. By (ii), there exists C' > 0 such that for every x € B,,
[1Pz[| < Cllzla-
By Corollary (applied to Lg), we also have
1Pz]| < CallLoz|*[l2]'~, = € D(Lo).
Fix € > 0. Young’s inequality with p = 1/ and ¢ = 1/(1 — «) yields
1Zoz || [l < ael|Lo|| + (1 — a)e™ ™= |||,
Therefore,
IPz|| < Ca (ag|| Loz| + (1 —a)e™ ™5 jz]l), 2 € D(Lo),

so P satisfies the assumptions of the perturbation theorem. Hence L = Ly + P
generates an analytic semigroup S(t).
Define

O(t)x := So(t)x + t So(t — s) P .S(s)xds.
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We show that ® has the same Laplace transform as S, which implies ®(¢) = S(¢)
by uniqueness of the resolvent.

Let Re A be sufficiently large. Using Fubini and the semigroup property,

oo pt 0o pOO
/ / e MSy(t — s)PS(s)xdsdt = / / e MSy(t — 5)dt PS(s)x ds
o Jo 0 Js
:/ / e M) S (u) du PS(s)x ds
o Jo
= Rg/ e M PS(s)xds = Ry PRz,
0
where R} = (A[—Lo) ™' and Ry = (A\I-L)~'. Combining this with [~ e~ Sy (t)x dt =
R?\ax we obtain
/ e MP(t)zdt = Rz + RYPR\x
0
= Rg(()\l - Lo)R)\ + PR,\).T
= R§(\ — Ly — P)Ryx
= RY(\ — L)Ryx
= R)\J?.

Thus the Laplace transform of ® equals the resolvent of L, so ®(t) = S(¢). O

In Theorem we proved that the semigroup {S(¢)}:>0 leaves the domain
of L invariant and that

In fact, this commutativity extends to the fractional powers of —L. We now
show that S(t) leaves the interpolation spaces B, = D((—L)%) invariant for

every a > 0.

Theorem 2.42. For every t > 0 and every a € R, one has
(=L)*S(t) = S(t)(=L)*.

In particular, S(t)Ba, C By, for every a > 0.
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Proof. For \ with Re A sufficiently large, we have the Laplace representation

R)\:/ e 4 8(s) ds,
0

so S(t)Ry = R)\S(t) for every t > 0.
Assume first that 0 < a < 1. Using the representation proved earlier,
sin(ra)

(-L)*z = / t* 'Ry(—L)x dt,
Q 0

and the commutation S(t)R; = R:S(t), we obtain

If « = n > 0 is an integer, then S(¢)D(L) C D(L) and LS(t) = S(t)L, hence
(—L)"S(t)x = S(t)(—L)"=.

If @ = —n with n € N, then by the definition of negative powers,

St)(—=L) "z = ﬁ S(t) /000 s"1S(s)x ds

1

= — OOs”_1 s)x ds
_F(n)/o S(t+s)zd

1 T s rds
F(n)/o s"T1S(s)S(t)xd

=(=L)™"S(t)x.
For general a € R, write a = m + 8 with m € Z and 8 € (0,1). Then
(=L)*S(t)x = (=L)™(=L)?S(t)z = (=L)™S(t)(~=L)’x = S(t)(—L)"z.

Thus commutativity holds for all a € R.
Finally, for oo > 0 we have B, = Ran((—L)~%). The identity

S(t)(—L)"%z = (—L)"“S(t)z

shows that S(t)B, C B,. O

One of the most important properties of analytic semigroups is their smooth-
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ing effect.

Theorem 2.43. For every a > 0, the operator S(t) maps B into B,. Moreover,

there exists a constant C, such that

I-Lsoll < 52, te (1]

Proof. We first consider the case @ = k € N. From the contour representation

of analytic semigroups, for every ¢ € (0,60) and b > 0,

1
S(t)r = —/ e*R,xdz.
2w Jy

Applying L and using LR, = (zR, — I) gives

1
LS(t)xr = — e*LR.xdz
271 Youb
1 tz
= — e*(zR, — Nz dz
2m Yo
1 1
= — 2R,z dz — —/ etz dz.
211 Yo 211 -

Closing the contour to the left half-plane shows that the second integral vanishes,

hence )
LS(t)xr = — ze"* R,z dz.

211 Yoo

Iterating k times yields

1
LES(t)z = —/ 2P R,z dz.
Yo,

© 2mi
Parametrize v, = 7+ — 7 by

i (r) = b+ reti(T/2He), r € [0, 00).
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Then there exist constants ¢; > 0 such that
oo
L5l < er [ bSO Ry, dr
0
0 1
g 1 k _—cstr d
o [ttt e
= 02/ (1+ r)kilefci“tr dr ||z
0

Integrating by parts k — 1 times gives
k C4
ILS (@)l < ol

as required.

Now let o > 0 be non-integer and write

so that « — m € (—=1,0). Set o/ := a —m € (—1,0). Using the definition of

negative powers and the semigroup property,
[(=L)*S()z| = [[(=L)* (=L)™S(t)z]|

_ Hr(la) /DO 5 LS () (=L)™S (1) ds

0

_ Hr(—la) /Ooo 5L S(t + s)a ds

o0 , 1
< c/ g1 ds |z].
0 (t+s)m

With the change of variables s = ut,

—a’—1

H(LVS@MH<Ct“<Aw<u

——d < Cot™ Y|z
e U> ]| ]

This completes the proof. O

‘We now record some useful corollaries.

Corollary 2.44. For every a, 8 € R and every t > 0, the operator S(t) maps
B, into Bg. Moreover, if B > «, then there exists Cyo g > 0 such that

IS@)zlls < Capt*Pllalla, — te€(0,1].
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Proof. Assume 8 > «. Then

IS@®)zlls = I(=L)S(t)x]| = |(~L)7~*S(t)(~L)*]|
Cas

<=L sOlllla < 52

1] o
If 8 < «, then for x € B,,
1Szl = [I(=L)"~*S(t)(~L) x|,

and both (—L)?~* and S(t) are bounded in this case, so S(t) : B, — Bg is
bounded. O

Corollary 2.45. For every o € R and every 8 € [a, a+1) there exists Cp5 > 0
such that
IRiz]ls < Cap(L+ )7 Halla,  t>0.

Proof. Using the Laplace representation of Ry,
oo
Rialls < [ e [S(s)alsds
0

<c [ etl=ns@) ds ol
By Theorem [(=L)P=2S(s)|| < Cy 55 for s € (0,1]. For t > 1,
o) 1
/ e ||(=L)P~2S(s)| ds < Caﬁ/ e 527 F ds
0 0
< CoupT(B—a+1)tP 7t <O, p(1 + 1)L

If 0 <t < 1, split the integral into fol + [°. The second part is handled as
above. For the first part,

1 1
C
~t5|| (L) S(s)| ds < Ca / aBis = 2B <0, s(14+t)L
/Oe (=L) (s)ll ds o s s = 5T s(1+1)

This proves the claim. O

Corollary 2.46. Let S be an analytic semigroup with generator L on a Banach
space B. Then for every a € (0,1) there exists Co > 0 such that

[I1S@®)x — x| < Cot®||z| B, , x € By, te(0,1].
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Proof. It suffices to prove the estimate for x € D(L), since D(L) is dense in B,.
For x € D(L), we have 0;5(t)r = LS(t)x = S(t)Lx, hence

t t
<CAnvaﬂﬂﬂMMﬂﬂm<cAs*%mmm=cwwm.

1Stz — 2| = H/Ot S(s)La ds /Ot(—L)l‘“S(s)(—L)ax ds

O

The final theorem shows that, under suitable assumptions, perturbations

preserve the interpolation spaces for v € [0,1]. We only sketch the proof.

Theorem 2.47. Let Ly be the generator of an analytic semigroup on B and de-
note by Bg the corresponding interpolation spaces. Let B be a bounded operator
from BY to B for some « € [0,1). Let B, be the interpolation spaces associated
with L = Lo+ B. Then

B, = 89/ for every v € 0,1].

Proof. For v = 0 we have By = By = B. For v = 1 we have B; = D(L) and
BY = D(Ly), which coincide.
For v € (0,1), one shows that there exist constants C7,Cy > 0 such that

Crll(=Lo) || < [[(=L)"|| < Cal|(=Lo)"]-

We use the following estimate (stated without proof): for every v € (0,1) and
t > 0 there exists C' > 0 such that

[BRex| < C(L+ )|zl o.
We also use the resolvent identity
R; = R) + R,BR).

Applying L and rearranging gives an expression for LR; in terms of LoR? and
BR;. Combining this with the representation formula for fractional powers

yields
lelle, < Cllelay +C [ 07| BRia] .
0
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The integral converges by the stated estimate, giving [|z[|5, < Cllz||so.

The reverse inequality is obtained similarly, after writing Ry = Riyx +
KRy kxR, for K > 0, estimating [;*¢""!|BR,z| dt, and choosing K large
enough to absorb a term into the left-hand side. O
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3 Linear SPDEs

In this section, we would like to solve the following linear SPDE:
dX = LXdt + QdW (t), X(0) = =, (3.1)

where X (t) : Q@ — B is a stochastic process, L : D(L) — B is the generator of
a Cg-semigroup on B, W is a cylindrical Wiener process on a Hilbert space KC;
and @ : £ — B is a bounded linear operator.

There are two types of solutions we can consider for the above equation.

The first one comes from the notion of weak solutions for PDEs.

Definition 3.1. A B-valued process z(t) is said to be a weak solution to (3.1)
if, for every t > 0, fot lz(s)||ds < oo almost surely and the identity

(L, z(t)) = (¢, z0) +/U (L*E,:p(s)}ds+/0 (Q*L,dW (s))

holds almost surely for every ¢ € D (L*).
The second notion is the mild solution.
Definition 3.2. Suppose that there exists a B-valued process z(t) such that,

for every t > 0, the identity

z(t) = S(t)wo + /0 "S- $)QdW (s)

holds almost surely (in the sense that it holds when testing against any ¢ € B*
). Then z is said to be the mild solution to (3.1).

We will need the following approximation lemma for the proof of next result.

Lemma 3.3 (Approximation Lemma). For ¢ € C'([0,¢],R) and ¢ € D (L'),
define

Then every element in
e ¥ c(o,4,D(L))nc (0,4, 5

can be approrimated uniformly by linear combinations of functions of the form

©e-
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The next theorem shows the equivalence between the two notions of solu-

tions.

Theorem 3.4. If the mild solution is almost surely integrable, then it is also a

weak solution. Conversely, every weak solution is a mild solution.

Proof. First of all, we notice that if y(¢) with y(0) = 0 is a mild solution(or
weak solution) to the (3.1, then z(t) = S(t)zo + y(t) is also a mild solution(or
weak solution) with initial condition xg. Therefore, without loss of generality,
we can assume that xqg = 0.

Suppose now that x(t) with £(0) = 0 is a mild solution to and is almost
surely integrable. Pick any ¢ € D(L'), and apply L*/ to both sides, we have

(L, x(s)) = /Os (L*,S(s —r)QdW (1)) .
Integrate both sides from 0 to ¢, we have
/Ot (L*¢,x(s))ds = /Ot /Os (L, S(s —r)QdW (r)) ds

By Fubini’s theorem, instead of integrating over the region {(r,s): 0 < r <

s < t}, we can integrate over the region {(r,s) : 0 <r < t,r < s < t}, we have

/0 (L (s)) ds = /0 t < / (s — r)L*tds, QdW(r)>

Now, since we have 955*(s — r)f = L*S*(s — r)¢, the right hand side becomes

[ st e-neeawve) - [ i)
0 0
— (. / S(t — r)QAW (r)) / (£,QaW (r))
— (ta(t)) / (£, QaW (r))
Combine all the things together, we have for every ¢ € D(L'),
(0, 2(8)) = /0 (L0, (s)) ds + /0 (6, QAW (r))

this shows that the mild solution is also a weak solution.
Conversely, suppose that z(t) with 2(0) = 0 is a weak solution to (3.1)). Pick
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any ¢ € D(L') and some time ¢ > 0. Define the function f : [0,t] — B* by
f(s) =8t — s)L.
Since we have S*D(L) ¢ D(LT) and 9,5*(t — s)¢ = —L*S*(t — s)¢, we have

f(s) in the set
E=C([0,4],p (L") nc* ([0,#], B).

We claim that for every f in £, we have identity
T = (s *f(s),z(s) ) ds t 5), QAW (s)).
Fea0) = [ (F)+ 1 7(6)ats)) ds+ [ (f().Qaw ()

In particular, taking f(s) = S*(t — s)¢, we have

(6, 2(t)) = / (0,5 (t - $)QAW (s))

Since D(L') is dense in B*, this shows that x(¢) is a mild solution to (3.1)).
By Lemma[3.3] it suffices to prove the claim for f = ;. Now, since we have

2(t) is a weak solution, we have
A{6,2(s)) = (L*6,(s)) ds + (Q€, AW (s))
Now, by It&’s product rule, we have
A (5){6,2(5))) = $(5){6, 2(5))ds + ()L, a(s))ds + p(s) (@7, AW (5)).
Integrate both sides from 0 to ¢, we have
wta(0) = [ plta)ds+ [ oL tais+ [ o) @ edws)
= [ reeraenas + [ el6 Q).
This is exactly what we want. This completes the proof. 0

3.1 Space-time regularity of solutions

In this section, we study the regularity of the solutions to the linear SPDEs.

We will prove that the solutions to the stochastic heat equation are ”almost”
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1. . o 1. . .
—-Hoélder continuous in time and ”almost” —-Holder continuous in space.

We will need the following lemma for the proof of next theorem.
Lemma 3.5. Fort> s >0, we have

™

/:(t — )y —85)"%r =

sin(ra)

Proof. Consider the change of variable v = F, then (t —r) = (t — s)(1 — u)
-
and (r — s) = (t — s)u. Thus,

1
I= / (1—uw)* 'u%du = B(a,1 —a) = =
0

This completes the proof. O

The next theorem shows that the mild solution to (3.1]) has continuous sam-
ple paths under suitable assumptions.

Theorem 3.6. Let H and KC be separable Hilbert spaces, let L be the generator
of a Co-semigroup on H, let Q : KK — H be a bounded operator, and let W be a
cylindrical Wiener process on K. Assume furthermore that ||S(t)Q|lus < oo for
every t > 0 and that there exists a € (0, %) such that

1
/ 20 S()Q| 3 dt < oo,
0

Then the solution x to (3.1]) has almost surely continuous sample paths in H.

Proof. Fix T > 0 and define the random variable y : [0,7] x & — H by

y(t) = /0 (t—s)7S(t —s)QdW (s).

We first establish several properties of y(t). First, we have E|y(t)||?> < oo for
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every t € [0,T]. Consider the estimate

T

T 1
/ S () Q|3 dr = / 2 S(r)QI s dr + / S () Q|3 dr
0 0 1
T
<O+ / 15(r) Q% dr
1
T—1
<cl+us<1>cz||%ls/ 15(s)]? ds < C < oc.
0

Now, by the It6 isometry,

2
Ely®)|* =

’/ t— )OS (t - $)Q AW (s)

t

:/0 (t— ) 2|S(t — $)Q3s ds
t

N /o u™2|[S(u)Q|3s du < C.

As a consequence, we claim that for every p > 0 there exists C}, > 0 such that

B[ ol a<a,
Indeed, by Corollary of Fernique’s theorem,
Elly®I” < G (Elly®l)? < G, (Bly®]2)"” < C.
This is enough to proves the claim.

Now we are ready to prove that z(t) has almost surely continuous sample
paths. We will use the factorization method. Note that by Lemma

z(t) = S(t)xo + /0 St —s)QdW (s)
= S(t)xo + @/ / (t—7)*"tr —s)"*S(t — 5)QdW(s)dr
— S(t)ao + 22 / S(t </ (r—s)"*S(r—5)Q dW(s)) (t—r)*tdr

™

sin(ra)

= S(t)xo +

/0 (t—r)*~ 1S(tfr)y(r) dr.

™
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Consider the map y — Fy defined by

F,(t) = /0 (t —r)* St — r)y(r) dr.

If we can show that there exists p > 0 such that F, maps LP([0,T],H) into
C([0,T],H), then the proof is complete, since we have shown that y € L?([0,T],H)
for every p > 0.

1 1
Pick any p > — and let g be its dual exponent (so s (1, 1)) By
« -«
Holder’s inequality,

IE, (1) < My / (t = )2 ly(r)]| dr

<t ([l e ([woear)”

< Crllyllzeo,m,2)-

This shows that F, : LP([0,T], H) — L*>°([0, T, ) is a bounded operator.
Since continuous functions are dense in LP([0,T], H), it suffices to prove
continuity for continuous y(t) with y(0) = 0. Fix such a y(t). To show right

continuity, note that for h > 0 small enough,
t
[1Ey(t+h) — Fy ()] < /O [(t+h =) 7S (h) — (¢ =) | 1S =) [y()]| dr
t+h
[ = St b =) )] dr
t
The second integral can be bounded by
t+h
IQSM/ (t+h—r)*"tdr
t
h
gM/ saflds:%haao, as h — 0.
0 o
To bound the first integral, note that for h small enough,

Ap(r) = ||(t +h— r)o‘*lS(h) —(t— T)O‘*IH <C'(t— 7")0‘*1,
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which is integrable on [0, ¢]. Moreover,
An(r) < (E+h =) S(h) = I]| + [t + h = r)*7" = (t =),

and the right-hand side tends to 0 as h — 0 for each fixed r < t. By the
dominated convergence theorem, the first integral also tends to 0 as h — 0. This
proves right continuity. Left continuity can be shown similarly. This completes
the proof. O

We now give a general result that tells us precisely in which interpolation
space one can expect to find the solution to a linear SPDE associated with an

analytic semigroup.

Theorem 3.7. Consider a linear SPDE on a Hilbert space H. Assume that L
generates an analytic semigroup, and denote by H,, the corresponding interpola-

tion spaces. Suppose that there exists o > 0 such that Q : K — H,, is bounded,

1
and that there exists B € (O, 3 + oz} such that ||(—L)75||HS < oo. Then the

solution x takes values in H~ for every v <y = % +a-— 4.

Proof. Recall that the solution has the mild form

x(t) = S(t)xo —l—/o S(t—8)QdW(s).

Since S(t) maps H into H for every v > 0, it suffices to show that the stochastic
convolution takes values in H., for every v < 9. For this purpose, we will show

that for every T' > 0 and every v < g, one has

2

E < 00.

T
<—m7£ S(T — $)QdW (s)

By the It6 isometry, it is enough to show that

2

T
I(T) :=E||(~L) /0 S(T — $)QdW (s)

T
:Auvmww—@w;m

T 2
:Avawwwmw<w
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Now note that @ : K — H, is bounded by assumption, so ||(—=L)*Q| < oo.

Hence

T
I(T)<C / (=LY =25(s) |3 ds

0
T

<C [ IeLretse) s
0

The last inequality follows from the assumption that (—L)~# is Hilbert-Schmidt.
By the theory of interpolation spaces, if v — a + 5 < 0, then

[(=L)Y~ > PS8(s)|| < C.
On the other hand, if vy — o+ 8 > 0, then
H(—L)'Y—a-w-ﬁS(S)H < O s—(—atB) — ¢ ga—71—8.

Therefore, in this case the integrand is bounded by Cs?(®=7=#) which is inte-

grable near 0 provided
1
20a—y—=—0)>-1 = ~v< 5—1—0[—6.

This concludes the proof. O

The next example shows that the solution to the stochastic heat equation

lies in the Sobolev space H® for every s < %

Example 3.8. Consider the stochastic heat equation on [0,1] with periodic

boundary conditions (driven by space-time white noise),
dx = Axdt + dW,

where W is a cylindrical Wiener process on L?([0, 1]). We claim that the solution
lies in the fractional Sobolev space H® for every s < %

We apply Theorem 3.7 with # = K = L?([0, 1]). In this case, L = A, Q = Id,
and o = 0. Fix any 3 > . Consider the orthonormal basis ej(z) = €"*™* of

L?([0,1]). Then for each nonzero k € Z,

7A€k = (271’|k7|)26k.
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Since A is self-adjoint, the spectral theorem yields
(—=A)Pey = (2n|k|)~Pey.
Therefore,

I=2)PllEs = D _I=a)PealP <O Y k™ < oo,
keZ kez\{0}

Thus, by Theorem (3.7, the solution takes values in H, = H 2¥ for every v <
Yo = 3 — B. Letting 8 | 1 proves the claim.

By adding a smoothing perturbation to the stochastic heat equation, one

can obtain solutions with higher regularity.

Example 3.9. Consider the following modified stochastic heat equation on

[0, 1] with periodic boundary conditions:
de = Axdt + (1 — A)"7dW,

where W is a cylindrical Wiener process on L?([0,1]). We claim that x takes
values in H? for every s < % + 2.
Let us first show that @ = (1 —A)~7 is bounded from L?([0, 1]) to H*Y. For
each k € Z, we have
—Aei(z) = (21k)2er(z).

By the spectral calculus, this implies
(1—A)ep(x) = (1 +472k*) Tep(z).

For any f € L*([0,1]), write its Fourier series as

fa) =" frer(x).

kEZ

Then
(1= A) 7" f(w) = > full +47°k%) ey ().

keZ
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Computing the H?Y norm of (1 — A)~7 f, we obtain

11— A = S 1P oS A2 = o2
Hhik z MU a2y S kL= L
(S

kEZ
Thus @ is bounded from L?([0,1]) to H?7, i.e. @ =~ in Theorem

By the same computation as in the Example|3.8] for any § > 1 "e have

I(=2)""lus < co.

Therefore, Theorem implies that the solution takes values in H, = H?" for

every
1
P<P0=§+7—5-

1
Letting 5 | 1 yields that the solution takes values in H® for every

1
< =+ 2.
s 2+’V

This completes the proof.

Now, using the spatial regularity, we can deduce time regularity of the solu-

tion.

Theorem 3.10. Consider the same setting as in Theorem [3.7 and fix v < 7.

Then, for everyt > 0, the process x is almost surely 6-Holder continuous in H

“lam )
0 < min St &

Proof. Let us first consider the case vg — 7 < % For v < 4 < 7, if we can show

for every

that for any fixed interval [tg, T] and any s, ¢ in that interval,
E|z(t) — a(s)|3 < CJt — 5[0,

then
E|z(t) — x(s)|ly < CV|t —s[177.

Kolmogorov’s continuity theorem then implies that x is almost surely 6-Holder

continuous in H, for every § < 4 — . Letting 7 1 o yields the desired result.
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Now, for t > s, we have

/ St—r)QdW(r) = /S St —r)QdW(r)+ / St —r)QdW (r)

0 0 s
_ St ) /0 S(s — QAW (r) + / S(t—r)QdW (r)
= S(t = s)(a(s) = S(s)an) + [ St~ QW ()
=St —s)x(s) — S(t)xo + / St —r)QdW (r).

Thus, .
x(t) = S(t —s)x(s) + / St —r)QdW (r).
Therefore,

2

Ela(t) — 2(s)| = E[S(t — s)a(s) — a(s)|; + E / (=L)7S(t = r)QdW(r)

t—s
= BlS(t=s)a(s) =2 + [ I-L)S0)Qfs dr
By the theory of interpolation spaces, we have

15t = s)z(s) — 2(s)lly = (St = s) = D(=L)z(s)|
=t = s I(=L) z(s)]l5—~

< Clt = 5777 [l(s)ll5-
Hence
E||S(t — s)z(s) — z(s)[|2 < Clt — s|* T VE[|z(s)|2 < C|t — s[2T77.

The last inequality follows from Theorem [3.7]

Next, we estimate the second term by the same trick as in Theorem

1(=L)"S(r)Q|lus = [I(=L)"*S(r)(—L)*Qllus
< CI(=L)""*S(r)|lns
< Oll(=L) P (=L)~**PS(r)[|us
< Ol(=L)=+25 ().
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Recall that y —a+ 8= —(y0—7) + % > 0 in the present case. By the theory

of interpolation spaces,
I(~L)"S(r)Qllus < Cro—7" 3.

Therefore,

t—s t—s

| NeErs@als ar <o [0t < cle— 00,
Combining the two terms, we obtain

E|jz(t) — x(s)||gY <Ot — 52077 4 Ot — 5200~ L Ot — 52577,
The last inequality uses the fact that we work on a compact interval [tg, T] and
Y= <77

Now, let us consider the case v — v > % If we can show that for any fixed

interval [tg,T] and any s,¢ in that interval,

E|z(t) — a(s)|5 < Clt — s,

then
El|z(t) — a(s)[l, < C'2Jt — 5|2

Kolmogorov’s continuity theorem then implies that x is almost surely §-Holder
continuous in H, for every J < %

As before, for t > s we use
t
z(t) =St —s)x(s) + / St —r)QdW (r),
SO
t—s
E|z(t) — z(s)|[5 = E[S(t — s)z(s) — z(s)|; +/0 I(=L)7S(r)QlI%g dr.
By the theory of interpolation spaces,

ISt = 8)z(s) = x(s)ll, = I(S(t = 5) = I)(=L)z(s)| < Clt = s/ [|z(8) |4 3
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Hence

E[S(t - s)a(s) — a(s)3 < CJt — s|Blla(s)l2, 1 < Clt s,

where the last inequality follows from Theorem [3.7]

For the second term, we again write
I(=L)"S(r)Qllus < ClI(=L)"=*+7S(r)]|.

Nowvy—a+8=—(y—7)+ % < 0 in this case, so the interpolation theory
yields
I(=L)=**s(r)| < C.

Therefore,
t—s
/ I(=L)7S()QI%s dr < Clt — 5.
0

Combining both estimates gives
Elx(t) —a(s)[3 < CJt — 5.

This completes the proof. O

3.2 Markov semigroups and invariant measures

In this subsection, we introduce the notions of Markov semigroups and invariant
measures associated with solutions to the linear SPDEs . Throughout, we
denote by By(B) the space of bounded measurable functions from a Banach
space B to R.

Definition 3.11. Consider a family of operators P; : By(B) — By(B) defined
by

(Pep) (a) = B (50010 + [ st 9q aw ().

The family {P; }+>0 is called the Markov semigroup associated with the SPDE
du = Ludt + Q dW (¢).

The operators P; are called Markov operators.

If we denote the law of the solution to (3.1]) at time ¢ with initial condition
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x by Pi(x,-), then the Markov operator can be written as

(Prp) (x) = / ©(y) Pe(x, dy).

B

On the other hand, we can define the dual semigroup P; acting on probability

measures on B by

(Pru) (4) = /B Py, A) p(de).

This is precisely the law of the solution to (3.1) at time ¢ when the initial
condition is distributed according to p.

We have the following dual formulation:

Theorem 3.12 (Duality identity). For every t > 0, ¢ € By(B), and every

probability measure p on B, we have

/ (Prg)() ulder) = / () (P} 1) (dr).
B

B

Proof. Let Xy be a random variable with law pu, independent of the Wiener

process W, and set
¢
X, = S(t)X, +/ S(t— $)QdW(s).
0
By definition of P; i, the law of X; is exactly P;u. Hence
| #la) Piitda) = Blo(x,)]).
By the definition of P, we also have
E[@(Xt) | XO] = (Pyp)(Xo).
Taking expectations on both sides yields
E[e(X)] = [ (Peo)(e) utao)

which proves the desired identity. O
Now, we can define the invariant measure associate to the linear SPDE ([3.1)

Definition 3.13. A probability measure p on B is called an invariant mea-
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sure for the linear SPDE (3.1)) if for every ¢ > 0, we have
Piw=p,
where P; is the dual Markov semigroup associated to the linear SPDE (3.1]).

Consider (3.1]) with solutions in a Hilbert space H. We prove some equivalent
conditions for the existence of invariant measures for linear SPDEs. We start

with a lemma.

Lemma 3.14. For everyt > 0, define the self-adjoint operator Q; : H — H by

t
0
Then for every invariant measure fr on H, we have
f(x) = (S*(t)x) e~ 3(2.Qu)

Proof. First, we compute 75t*\u(x) Let ¢, (y) = ®¥ be the complex exponen-

tial function. Then
Pinta) = [ o9 @iias) = [ outw) Piwts) = [ (Prca)w) i)
By definition of P;, we have
(Piea)t) = o (st0w+ [ ste-si@am(s))]
—E [exp(z'<x, Sty + / S-9)Q dw<s>>)}

— oxp(i(S* (t)z,)) E {exp(i@v, /O 'St 50 dW(s)))] .

Since <x, fot S(t—19)Q dW(s)> is a real-valued Gaussian random variable with
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mean zero and variance

E ‘<x/0t S(t - $)Q dW(s)>

2
=E

2

/0 Q5™ (t — sy, VW (s))

t
:/0 1Q75* (¢ — s)z|? ds

t
- / 1Q°S* (s)z|? ds
= <‘T7 th>7

we obtain
(Pros)(y) = HS™ (Mzy) o—3(2,Qez)

Therefore,
Piia) = [ o500 = m0) ) = (57 (1)) b0,

Using P;u = p, this completes the proof. O

The following theorem characterises the invariant measure of the linear

SPDE (3.1).

Theorem 3.15. Consider (3.1) with solutions in a Hilbert space H and define
the self-adjoint operator Q¢ : H — H by

0, - /0 S(5)QQ* S (s) ds.

Then there exists an invariant measure p for (3.1) if and only if one of the

following two equivalent conditions holds:

(i) There exists a positive definite trace class operator Qs : H — H such that
2Re (Quo Lz, ) + |Q*x|* = 0

for every x € D (L*).
(i1) One has sup,sqtr Q; < co.

Proof. We first show that the existence of an invariant measure implies (ii), then
that (ii) implies (i), and finally that (i) implies the existence of an invariant

measure.
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We first show the existence of an invariant measure implies (ii). By Lemmam

we have
fa(z) = g (S*(t)z) e*%@,th)'

Since |fi(x)| < 1 for every x € H, we obtain
()] < em2(m @),
Taking logarithms yields
(z, Q) < —2log ().

Now we bound |i(z)| from below. Choose R > 0 such that u(|jy| > R) < %

L
Then
1=l =| [ (1= ) uian)

< / \l—e”ylu(dy)/ 11— &0 |u(dy)
lyl<R lyll>R

< / [z, 9) u(dly) + 2u(]ly]| > R)
lyll<R

1/2 )
< (/“y@ux,yn u(dy)> +3

Define a symmetric positive definite operator Ar : H — H by

(x, Ap) = /| ) Pt

Note that Ap is trace class since
A =3 fen. Apen) = z / wealPulds) = [ llPutdy) < B2
n=1 llylI<R llylI<R

If x € H satisfies (x, Arz) < i then

(@) =1 = [1 = fx)| >

RNy
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this implies that
. 1
(x, Qrx) < —2log|f(x)] < —210g1 = 2log4.

1
For arbitrary € H, set & = % Then (Z, ApZ) = —, and hence
(z, Apz) 4

<xaQtI> < 4<i7Qtj> <‘T3ARI> < 810g4<$3AR:E>

Applying this with = e,, and summing over n, we obtain

tr@Qy = Z (en, Qien) < 810g4z (en, Apen) = 8log4tr Agp < 8R?log4.
n=1 n=1

Therefore sup, tr Q; < oo, which proves (ii).
Now, we show that (ii) implies (i). The assumption sup;. o tr Q¢ < oo implies
that the limit o
Qo = lim Qi = /0 S(5)QQ"S"(s) ds

is a well-defined positive definite trace class operator. Moreover, for every x €
D (L),

(0. Que) = [ @8 s)al” s
=[5 el s+ [T 1@t o ds
Changing variables s — s + ¢ in the second term yields
: .
@.Qxa) = [ 1S @l dst [ 105" ()S" @)el” ds
= /Ot 1Q*S* (s)z[|* ds + (S*(t)x, QoS ()) -
Differentiating with respect to t gives
0=Q*S*(t)z||® + (L*S*(t)x, QuoS* (1)) + (S*(t)x, Qoo L*S* (t) ).

Evaluating at ¢ = 0, we obtain

0= Qx|+ (L*z, Qo) + (z, Qoo L x).
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Since @ is self-adjoint, this becomes
0= ||Q*gv||2 +2Re(QooL*z, x),

which is (i).
Now, we show (i) implies existence of an invariant measure. For x € D(L*),
define
F(t) = (S*(t)x, Qoo S™(t)x).

Then F, is differentiable with

d

2 Fa(t) =2Re(L757(1)z, Qoo S™()2) = — 1Q*S™ ()| *

Integrating from 0 to ¢ yields

(S*(t)z, Qoo 5™ (t)1) = (2, Qoot) —/0 1Q*S™ (s)|| ds
= <$7 Qoox> - <1‘, Qt$>

Hence
(2, Qoot) = (2, Q) + (S*(t)z, Qo S* (1)) = (2, (Qr + S(1)QucS™ (1)) z).

Let poo be the centred Gaussian measure with covariance operator .., s0
that
fioo () = e~ 3 (#:Qoom)

Then for every ¢t > 0,

fioo (8" (t)) €302
67% (S™(t)x, Qo0 S™ (t)x) 67% (z,Q¢x)

P oo (T)

e 3 (@ (S()Qu 8™ () +Q1))

_% <7’/‘7Qoo$>

I
)

Therefore P} tioo = oo for every ¢ > 0, S0 pioo is an invariant measure. This

completes the proof. O

Now, we want to characterise all invariant measures for the linear SPDE
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(13.1). We need the following lemmas for that.

Lemma 3.16. Let p; be the centered Gaussian measure with covariance oper-

ator .
Q= [ 550 () ds
0
Then {ut}i=o is tight.

Proof. We claim that there exists a sequence of bounded linear operators { 4, }22 ;
on H such that

(i) One has ||Apy12|| = ||Anx]| for every z € H and every n € N.
(ii) The set B = {x : sup,, ||Anx| < R} is compact for every R > 0.
(iii) One has sup,, tr(A4,Q:A}) < co.

Assume the claim for the moment. Let Y; be a random variable with distribution

e Then

o0
E4.Y P = S EI(ALY, ex)
k=1

> ENY:, Aren)l?

1

o
Il

M

(A er, QrAyer)

<+
I
—

r(A,Q:A}) < oc.

Thus, by Chebyshev’s inequality,

E[A,Y3)? _ C
- < —

P4l > B) < o < o

By definition of Bp,

C
1\ Br) = P (sup [4,37] > ) < P4 > B) < .

This shows the tightness of the family {z:}+>0-

It remains to prove the claim. Since Q) is self-adjoint, positive, and trace
class on H, the spectral theorem for compact self-adjoint operators yields an
orthonormal basis {e,}52; of H consisting of eigenvectors of @, with corre-

sponding eigenvalues {A,}%2 1, such that:
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(i) Ap =0 for every n € N,
(ii) Ap — 0 as n — oo,
(iii) since @ is trace class, Y - | A, = tr(Q¢) < oo.

n=

We choose a sequence of positive numbers {a, }5 ; such that

n—oo

o0
z ApAp < 00, lim a, = co.
n=1
Let Ny =1 and, for m > 0, let N,,+1 be the smallest integer such that
o0
Z e < 2—(m+1).
k=N 11
Define a,, = m + 1 for every N,, < n < Np,4+1. Then a,, = 0o as n — oo, and
oo Nmy1—1

ianAn = Z Z apAp <

n=1 m=0 k=N,,

o0

(m+1) Z DY Z(m+1)2’m<oo.
0 k=N,

]2

3
I

m m=0

Now define {4, }22; on H by

VO €k, k < n,
0, k> n.

Anek =

For h € ‘H with expansion h = 22021 hrer, we have
Anh = Z v/ A hkek.
k=1

It is immediate that ||A,4+1h| = ||Anh| for every h € H and n € N. Moreover,
for every R > 0,

Bp = {h € H :sup ||A,h| < R} = {h EH: Zak|hk|2 < 32},

k=1

which is a compact subset of H.
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Finally, since A, = A}, and Q.ex = Ager, we have

apAker, k< n,

AnQiAver =
0, k> n.
Thus,
tr(A, Qi Ay) = Z(ek,AthA;Zew = ZakAk < Zak)\k < 00,
=1 =1 =1

and taking the supremum over n yields
suptr (A, QLAY Zak)\k < Q.

This proves the claim and completes the proof. O

Lemma 3.17. Let p be an invariant measure for the linear SPDE (3.1)), and

set
pe = S(t)%p.

Then the family of measures {p}i>o is tight.

Proof. Fixt > 0. Let g be a random variable with distribution . By invariance

of p, the law of x(¢) is also p. By the mild formulation,

z(t) = S(t)zo —|—/0 St —s)QdW (s).

Let X, Y, and Z be random variables with distributions g, 14, and u, respec-

tively, where v; denotes the law of

/O "S(t— QW (s).

Then
z2x 4y,

with X and Y independent.
Pick any £ > 0 and choose a compact set K such that u(# \ K) < e. By
Lemma [3.16} the family {14 }+~0 is tight, so there exists a compact set Br such
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that for every t > 0,
vi(H\ Bgr) < e.

Define
K={z-y: z€ K, y € Bg)}.

Then K is compact in H. Since {Z € K} N{Y € Br} C {X € K}, we obtain
pm(H\K)=P(X ¢ K) <P(Z ¢ K)+P(Y ¢ Bg) < 2.

This shows that the family {p:}:>0 is tight. O

The next theorem gives an exact characterisation of invariant measures for

the linear SPDE (3.1]).

Theorem 3.18. Any invariant measure of the linear SPDE (3.1)) is of the form
Uk lloo, Where v is a measure on H that is invariant under the action of the

semigroup S, and s s the centred Gaussian measure with covariance Qoo .

Proof. We first prove that any measure of the form v * py is invariant. By

Lemma [3.14] we have

P ) ) = 7 (" ) exp (0 Qe

9 () (5 () x50, Qi)
= (S (B)R) foolh).

By the assumption that v is invariant under S(t),

o(S*(t)h) = / U O D) () = / e SOD) 1 (da) = b(h).
H H

Therefore,

—

Py (s o) (1) = #(W)ioe (1) = 75 i (1),

which implies that v x po, is an invariant measure.
Now assume that p is an invariant measure for the linear SPDE (3.1)) and
define p; = S(t)#p. Then

) = [ 0 tan) = [ 0507 ) = s (on)
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By Lemma [3.14] again,
i) = 0 exp 50 Qun).

By Lemma [3.17] the family {p}+>0 is tight. By Prokhorov’s theorem, along a
subsequence we have p; = v for some probability measure v. Since Q; — Qoo

in trace norm as t — 0o, it follows that

P(h) = lim (k) = () exp(;h, th>) |

In particular,

SO L =V * oo
It remains to show that v is invariant under the action of the semigroup
S(t). Note that

priys = S ps.

Taking characteristic functions on both sides yields
firys(h) = ps(S™(t)h).
Letting s — oo and using us = v, we obtain
v(h) =v(57()h) = S()#v(h),

so v is invariant under S(¢). This completes the proof. O

The last corollary gives a sufficient condition for the uniqueness of invariant
measures for the linear SPDE ({3.1]).

Corollary 3.19. Iflim; . ||S(t)x| = 0 for every x € H, then the linear SPDE
(13.1) can have at most one invariant measure. Furthermore, if an invariant
measure o, exists in this situation, then one has P;v — Lo weakly for every

probability measure v on H.

Proof. By Theorem [3.18] any invariant measure g has the form p = v * oo,

where v is invariant under the action of the semigroup S(t). If we can show
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that the only measure invariant under S(t) is the Dirac measure dp, then the
first part of the corollary follows immediately.

Let v be a measure invariant under S(¢) and pick any ¢ € By(#). Then

r)viar) = X #l/ Xr) = X))V XT).
/Hw()(d) /Hsﬁ()(S(t) )(dx) /Hw(S(t))(d)

Taking ¢ — oo on both sides and using the dominated convergence theorem, we

obtain

/ (@) v(de) = / lim (S(t)z) v(dz) = p(0),
H

H t—o00

so v = dg.
Now assume that an invariant measure p, exists and fix any probability
measure v on H. Let p; be the centered Gaussian measure with covariance

operator @Q;. Then u; is the law of

Y}:/O S(t—s)QdW(s).

Since Q; — Qo in trace norm as t — oo, we have that Y; converges in L?(Q;H)

to the random variable
Vo= [ sGIQaw(s)
0

SO fit = Jlso S t — 00. By the same argument as above, we also have S(t)#v =
dp as t — oo.
Moreover, P;v is the law of X; + Y;, where X; and Y; are independent

random variables with laws S(t)#v and p., respectively. Therefore,
Prv=(St)*v) x .

Letting ¢t — oo gives
Prv = 00 * foo = Hoo-

This completes the proof. O
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4 Semilinear SPDEs

In this section, we consider semilinear SPDEs of the form
dx = Lz dt+ F(x)dt + QdW (t), z(0)==x¢ € B, (4.1)

where z(t) is a B-valued stochastic process; L is the generator of a strongly con-
tinuous semigroup S(¢) on B; F' is a measurable map from some linear subspace
D(F) C B to B; W is a cylindrical Wiener process on some Hilbert space K;
and @ : K — B is a bounded linear operator.

The solution of is defined in the mild sense as follows:

Definition 4.1 (Mild solution). A stochastic process t — xz(t) € D(F) is called
a mild solution to (4.1) if the identity

x(t) = S(t)xo —l—/o S(t—s)F(x(s))ds + /0 S(t—s)QdW(s) (4.2)

holds for every ¢t > 0 almost surely.

Remark. For every A € R, if we replace (L, F) by (L — A, F + AI), then the
equation (4.1) does not change. Thus, the solution to (4.1)) is invariant under

this transformation.

4.1 Local solutions
For convenience, throughout this subsection, we assume that the stochastic
integral
t
i) [ s 9Qdw(s)

0
has continuous sample paths in B. It is possible that the solution to the SPDE
(4.1) blows up in finite time. In the case of SPDEs, the situation can be worse:
the blow-up time can even be random. To deal with these issues, we introduce

the notion of local solutions.

Let us denote the natural filtration associated to the Wiener process W by
{Fitizo ={oc(W(s) =W (r): 0<r,s <t)}i>o.

Let us recall the definition of a stopping time with respect to the natural
filtration of W.
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Definition 4.2 (Stopping time). A positive random variable 7 : Q — (0, 00] is
called a stopping time with respect to {F;} if for every fixed T' > 0, the event
{r < T} is Fr-measurable.

Definition 4.3 (Local mild solution). A D(F)-valued stochastic process z(t)
together with a stopping time 7 such that 7 > 0 almost surely is called a local
mild solution to (4.1)) if the identity

x(t) = S(t)xo + /0 S(t—s)F(x(s))ds + /0 S(t—s)QdW(s) (4.3)

holds for every stopping time ¢ such that ¢t < 7 almost surely.

It is possible that (4.1]) has multiple local mild solutions with different stop-
ping times. To deal with this issue, we introduce the notion of a maximal mild

solution.

Definition 4.4. A local mild solution (x,7) to (4.1) is called a maximal mild

solution if for any other local mild solution (Z, 7), we have 7 < 7 almost surely.

We will need Banach'’s fixed point theorem to prove the existence and unique-
ness of local mild solutions to (4.1)).

Theorem 4.5 (Banach fixed point theorem). Let (X,d) be a complete metric
space and let T : X — X be a contraction map, i.e. there exists a constant
0 < ¢ <1 such that

d(Tz,Ty) < cd(z,y)

for every xz,y € X. Then there exists a unique fived point x* € X such that

Tx* =x*.

Our first result on the existence and uniqueness of mild solutions to (4.1)
makes the rather restrictive assumption that the nonlinearity F' is defined on

the whole space B and that it is locally Lipschitz there:

Theorem 4.6. Consider on a Banach space B and assume that Wi, is a
continuous B-valued process. Assume furthermore that F : B — B is such that
its restriction to every bounded set is Lipschitz continuous. Then there exists
a unique mazximal mild solution (x,T) to . Furthermore, this solution has
continuous sample paths and one has limy, ||2(t)|| = oo almost surely on the
set {1 < o0}.

If F is globally Lipschitz continuous, then T = 0o almost surely.

107



Proof. Without loss of generality, we may assume that the semigroup satisfies
ISt)|| < M forall t > 0.

We will use the Banach fixed point theorem to prove local existence of mild
solutions. Given a fixed terminal time 7" > 0 and a continuous function g :
R4 — B, define the map M, r : C([0,T], B) — C([0,T], B) by

M@fmuwiésa—me@»@+g@.

Fix R > 0. We claim that for sufficiently small 7' > 0, the map My 7 is a

contraction on the closed ball

Brr(g) = {u €C([0,T],B) : sup [lu(t) —g(t)] < R} :

t€[0,T)

First note that for any u € B r(g) and any t € [0,T], we have
lu(®)]| < sup [lg(t)]lccp + R.
te[0,7]

Let Lr: be the Lipschitz constant of F on the ball of radius R’ = sup,¢(o 7y [l9(t) [+
R. For any u,v € Brr(g), one has

[Mg,ru(t) — My ro)|| < /O IS = ) [[F(u(s)) — F(v(s))]l ds
<M [ IP(u(s) = Fo(s)) ds.
so taking the supremum over ¢ € [0, T yields
sup |[Mgpu(t) — Mg po(t)|| < MT sup ||F(u(t)) — F(u(t))]l

te[0,T] te[0,T

< MTLp sup |Ju(t) —v(®)].
t€[0,T]
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Similarly, one has

t
sup |[Mg,ru(t) — g(t)|| < sup / 1S = ) [1F'(u(s)) ds
t€[0,T] t€[0,71 J0

< MT sup ||[F(u(?))]
te[0,T]

< MT (Lr R + |F(0)]).

Now pick T" > 0 small enough such that

MTLp =

b

DN | =

MT (Lg R + |F(0)]]) < R.

Then Mg 7 is a contraction map on Br 7(g), so by Banach’s fixed point theorem,
there exists a unique fixed point «* € C([0, T, B) such that M, ra* = =*. Now
take

g(t) = S(t)xo + WL(1).

Then
x*(t) = /o S(t—s)F(z*(s))ds + S(t)xo + Wir(t),

which means (2*,T) is a local mild solution to (4.1)).

To construct a maximal mild solution, we iterate the local existence argu-
ment. First, using the fixed-point map M, 1, we construct a mild solution on
[0,71). Then we use x(71) as a new initial condition and apply the same con-
struction on |11, 71 +72). This procedure can be continued as long as the solution
remains bounded.

If the solution blows up at some time 7(w), then ||z(¢,w)| becomes un-
bounded as ¢t T 7(w). In particular, the solution cannot be contained in any
fixed bounded ball near 7(w), and we can no longer apply the local fixed-point

argument to extend it beyond 7(w).

On the other hand, if F' is globally Lipschitz continuous, then M, 1 is a
contraction on C([0, T, B) for all sufficiently small T, independently of the initial
condition. In this case, we can repeat the above argument on consecutive time
intervals to extend the solution for all times, so the maximal lifetime satisfies

T = oo almost surely. O
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By assuming that L generates an analytic semigroup on B and that F' has
better regularity properties, we can obtain solutions taking values in more reg-

ular spaces.

Theorem 4.7. Let L generate an analytic semigroup on B (denote by B,
a € R, the corresponding interpolation spaces) and assume that Q is such that
the stochastic convolution Wi, has almost surely continuous sample paths in B,
for some o 2 0. Assume furthermore that there exist v > 0 and 6 € [0,1) such
that, for every § € [0,7], the map F extends to a locally Lipschitz continuous
map from Bg to Bg_s that, together with its local Lipschitz constant, grows at
most polynomially.

Then has a unique mazimal mild solution (x,T) with x taking values
in Bg for every 5 < Bi & aN(y+1-=19).

Proof. To prove existence and uniqueness of a mild solution, we apply the same
strategy as in the previous theorem. The only difference is in the estimates

involving the semigroup S(t).

1My ru(t) — Mg, (t / IS(t = 5)(F(u(s)) — F(v(s)))| ds

<C/O (t =) IF(u(s)) = F(u(s))l -5 ds

<CT'™? sup || F(u(t)) = F(u(t))]|-s-
t€[0,T]

Taking the supremum over ¢ € [0,7] on both sides, we obtain

sup || My,ru(t) = My ro(t)| < CT'™° sup [|F(u(t)) — F(u(t))]|-s.
te[0,T] te[0,T]

Similarly, one has

sup [ Myzu(t) — g®)] < sup / 1S(t — 8)F (u(s))| ds

te[0,T] t€[0,T]

c/ dr s O]
<O sup [F(u(t)]-s.

t€[0,T]

We then apply the local Lipschitz continuity of F' again to obtain a unique

maximal local mild solution.
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In order to show that the solution x(t) takes values in Bg for every t < 7

and every 8 < B4, we apply a bootstrapping argument, i.e. an induction on .

For convenience, for a € [0,1), we denote

Wa(t) = /t S(t— $)QdW (s).

Then one has the identity

Wi(t) = " S(t—s)QdW(s) + WE(t)

= /Oat S(t(1 —a) +at — s)Q dW (s) + Wi (t)

{1 - a)) /0 S(at — $)QdW (s) + WE (D)

t(1 — a))Wr(at) + WE(2).

Thus, if Wi (t) is continuous with values in B,, then W{(¢t) is also continuous

with values in B, .

To continue, we need the following claim. Fix T > 0. For every 8 € [0, 5,),
there exist exponents pg > 1, gg > 0 and constants a € (0,1), C > 0 such that
the bound

()]s < CE™ <1+ sup |[z(s)]| + sup |WE(8)||;3> (4.4)

s€lat,t] 0<s<t

holds almost surely for all ¢ € (0, 7.

If we can prove the claim, then since sup,cqe ) [[2(s)|| < 0o almost surely
for every ¢ < 7, and supgc, [[W7(s)[l5 < 0o almost surely for every 8 < «,
the proof is complete.

When 8 = 0, we can take pg =1, go =0, C =1 and any a € (0,1), and we
have

e <1+ sup [lz(s)]| + sup [[WE(s)]]
s€lat,t] 0<s<t

Now we perform the induction step. Assume that the claim is true for some
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B = Bo € [0,7]. We show that it is also true for 5 = Sy +e¢ for any € € (0,1—9),
provided we adjust the constants appearing in the bound (4.4 accordingly.
Then the induction implies that the bound holds for all 5 <+ 1 — 4, and the

claim follows.
By the mild formulation, it is easy to check that

2(t) = S(t(1 - a))a(at) /St—s (s)) ds + W2 (D).

We want to bound ||z(t)||g,+e. For the first term, by the smoothing property of

analytic semigroups, we have

IS (t(1 = a))x(at)l| o= < C(H(1—a) " |lz(at) ]|, < Ot*||z(at)]l,,

where the constant C' depends on € and a. For the second term, we use the

growth assumption on F' to obtain a constant C' > 0 and an integer n > 1 such

that
t
/ S(t— s)F(x(
at

/ ISt = 9F ()42 ds
Bo+e
= 9P, 0
C/ R (14 |l (s)||5,) ds

<otoE (1 + sup II:v(S)IIZO>

s€(at,t]

s€lat,t]

<Ct* (1 + sup ||x(s)g0> .

Combining the bounds, we obtain

()]l go+e < Ot <1 + sup |lz(s )IIBO> HIWEO o+

s€|at,t
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Now, by the induction hypothesis,

Ppo\ ™
L+ [lz(s)ll3, <1+ (quﬁo <1+ sup |[z(r)|| + sup |WLa(T)|,HO> )

r€las,s| o<r<s

r€las,s] 0<r<s

npsg
< C's7Mro <1+ sup |lz(r)[| + sup IWE(T)IﬂO> -

Plugging this bound into the previous inequality, we obtain

nps,
le(®)lla0+e < CEm=—"95 (” sup [lo(r) + sup ||W£<r>||ﬂo> FIWED oo
rela?t,t] o<r<t

Since for every 8 < . < a, the assumption implies that W} (¢) belongs to Bg

continuously, there exists a constant C' > 0 such that
IWE®)lso < CIWEL @)l gt

Adjusting the constant C accordingly, we obtain

nPso
2(t) |y 4= < CE5"% (” sup ()] + sup ||Wz<r>||ﬁo+s> ‘

rela?t,t] <r<t

By setting
DBote = MPBy»  QBo+e = €+ NGg,,

and replacing a by a2, we complete the induction step. Thus, the claim holds
for all 8 < B, which concludes the proof. O

4.2 Sobelev embedding theorem

Sobolev spaces play an important role in the study of semilinear SPDEs, since
they are interpolation spaces associated with many differential operators. In this
subsection, we state and prove some important properties of these spaces. We
conclude this section with the Sobolev embedding theorem, which states that
Sobolev spaces are continuously embedded into certain LP spaces and spaces of
continuous functions.

To be specific, we work on the d-dimensional torus

T = (R/27Z)¢ = [0, 2x]%.
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Let L?(T?) be the space of square-integrable functions on T¢ with inner product

(u, v) = / u(z)v(x) d.
Td
This is a Hilbert space with orthonormal basis given by

1 i(k,z
ek;(l') = Wﬁ (&, >, ke Zd.

For every u € L*(T¢), we can write

u(x) = Z uger (),

kezd

where uy, = (u, ex).We also have the Plancherel identity

2
||U||L2(1rd) = Z Jug[*.

kezd
The fractional Sobolev spaces are defined as follows.

Definition 4.8 (Fractional Sobolev spaces on Td). For s > 0, the fractional
Sobolev space H*(T?) is the subspace of functions u € L?(T¢) such that

e ray == D (14 k) Jur|? < oo,
kezd

For s < 0, we define H*(T?) as the completion of L?(T¢) under the norm above.

Theorem 4.9. First, for every s,t > 0 and every u € H*'', we have the
identity
[ull grese = [[(1 = A)*2ul| .

In particular, for every s > 0 and every u € H*(T?), we have

||U||Hs(1rd) =|I(1 - A)s/2u||L2(1rd)-
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Proof. This follows from the fact that

2

11— 2)2ullFre = | > (1 + k) Puner(z)

k

=D (L [k unf?
k

Ht

2
= llullzges-
Taking square roots on both sides completes the proof. O

Now, let us apply Holder’s inequality to obtain some useful results.

Theorem 4.10. Let A be a self-adjoint, positive definite operator on a Hilbert
space H. Then for every a € [0, 1], we have

1A%l < [l Au]*lul =,

for every u € D(A%) C H.

Proof. The cases @« = 0 and a = 1 are trivial. Now consider o € (0, 1). By the
spectral theorem, we may assume that H = L?(M, ) for some measure space
(M, 1) and that

(Au)(z) = ¢(z)u(),

for some non-negative measurable function ¢ : M — [0,00). Thus, for every
u € D(A%), we have

2yl|? = 2)2%|u(x))? x) = 2)u(z) 2 ()| 2E ) x).
A% /Mw() () ? da(z) /M\so()()l ()20~ da(z)

1
1—a?

asal < ( |¢<x>u<x>|2du<x>)a (/) ey du(w))l_a

= [looul|** flul =)

= [|Aul| 2 fu] 207

Applying Holder’s inequality with p = é and ¢ = we get

Taking square roots on both sides completes the proof. O

t—s

Now, we apply Theorem to the operator A = (1 — A) ™= .
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Corollary 4.11. For any ¢t > s and r € [s,t], the bound
luall ™ < Nl 3™ llel
holds for every u € H'(T?).

Proof. We prove that

r—s t—r

e <l e Ml 372 -
Apply the Theorem with
A=1-A)F, a=""7
t—s
Then
lull e = (11 = A)7= 0] e
= [ A%ul g
< | Aul| e |l 5
= flull Fe lull 7"
This completes the proof. O

Next, we embed the fractional Sobolev spaces into the space of bounded

functions.

d

Theorem 4.12. For every s > g,

we have the continuous embedding
H*(T?) — L°(T9).
In particular, there exists a constant C > 0 such that
[l o (ray < Cllull s (ray,
for every u € H*(T?).

Proof. By the Fourier series representation and the triangle inequality,

[[wll oo (Tay < Z |ul.

kezd
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Applying the Cauchy—Schwarz inequality, we obtain

1/2 1/2
Doukl < | Y+ R D (U [R2) fug |
kezd kezd kezd
1/2
= Z (14 (k) llwl| s (ray-

kezd
: d . s L .
Since s > 2 the series ), ;4 (1 + |k|?)™® converges, which yields the desired
bound. O
Now, we state the general Sobolev embeddings.

Theorem 4.13 (Sobolev embeddings). Let p € [2,00]. Then, for every s >

d d
5 o the space H® (Td) s contained in LP (Td) and there exists a constant

C such that ||ul|Lr < Cllullg-.

Proof. The case p = oo was proved above. Now consider p = 2. Recall that
HO(T?%) = L%(T), so the statement is trivial. Now, consider p € (2,00). Given

d
u € H*(TY) with s > 5" we divide the Fourier modes into blocks of dyadic
p

size. More concretely, let u{~") = ug and for every n > 0, let

u(™ (x) = Z uger(x),

2ng|k|<an+

sothat u=73" - u™. For every f € L?(T?), we have the bound

-2
19150 = [ 1@ de < 151201
Therefore, for every n > 0, we obtain

-2
w5, < [t 152 w2
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By the definition of u(™, we have

™3 = > @ k) |

2n g |k|<2ntt

> 022115 Z |Uk |2

2n<|k|<2n+1

= Co¥ Ju 3,
for some constant C' > 0. Thus,
lut™ 72 < C272"[u™)][3,..

Now, let s’ = g + ¢ for some € > 0. By the Sobolev embedding for p = co, we

have

lut™ [z < Ol g
1/2

=c| 3 @+ |l

an [k <2n+1

1/2
< CQn(S/*S) Z (1 + |k|2)s|uk‘2
ang|k|<an+1
= 2" =) ||y ™) | e
Combining the bounds above, we get
p=2 2 , 2 9
lul1p < Cllu™| & a7, < €2 =555 )

Now, note that the exponent of 2" equals

-2 2 d -2 2
E(s’s)ps<+55)p _
P P 2 p p
d d
=—-——-—54+0(e).
5 ©)
Since € can be chosen arbitrarily small and s > g — %, we can choose £ small
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enough so that £ < 0. Therefore,

Yo ™l <C Y 2" ™l g

n=>—1 nz—1
This yields ||ul/r < C||ul|gs and completes the proof. O

Finally, we show that fractional Sobolev spaces are included in spaces of

Holder continuous functions.

d
Theorem 4.14. For every s > 5 H*(T9) is included in the space C*(T?) of

. . . d
Holder continuous functions for every exponent a < s — 2

Proof. We will show that for every v € H*(T9), one has

||U||CQ(Td) = sup 7|u(x) — uﬁy)| < 00.
Tz#y |$ _'y|

First, for every z,y € T?, we have

Ju(@) —u(y)l = | Y wnlen(@) —ex(®)| < D lunllex(z) = er(y)l.

kezd kezd

By the mean value theorem, for any 6, p € R,
e — e <10 — .
Thus,
lex(z) — er(y)| < min(2, [(k, z) — (k,y)]) < min(2, k|2 - y]).
For any r > 0 and « € (0, 1], since we have min(2,7) < 2r%, so

Ju(@) —u(y) < Y | min(2, [k] [z = yl) < 2le—y|* D furl k]

kezd kezd

It therefore suffices to show that Z lug| [k]¢ < oo.
kezd
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By the Cauchy—Schwarz inequality,

1/2 1/2
D luwl [B[* < | Y0 (1 R Do R0k
kezd kezd kezd
1/2
= llullgzaqpay | D (1 k) 5[k [>
kezd
Since 2s — 2a > d, the last series converges. This completes the proof. O
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