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This note is a summary of the Stochastic PDEs reading course with Professor

Konstantin Matetski at Michigan State University, conducted from Summer

2025 to Fall 2025.

The primary reference is [Hairer(2009)]. Most of the material (about 95%)

follows this reference closely. The remaining portions (about 5%) consist of

the author’s own additions, written in an attempt to bridge gaps in his own

understanding, particularly in probability and functional analysis.

1 Gaussian Measures Theory

This section is devoted to the theory of Gaussian measures on Banach spaces.

In most cases, we will work with a separable Banach space, denoted by B. This
means that B contains a countable dense subset.

1.1 Definitions and Basic Properties

Recall the following definition of Gaussian measures on R.

Definition 1.1. A probability measure µ on R is called a Gaussian measure

if either

(i) µ = δm for some m ∈ R, or

(ii) µ is absolutely continuous with respect to the Lebesgue measure, with

density

f(x) =
1√
2πq

exp

(
− (x−m)2

2q

)
,

for some m ∈ R and q > 0.

In the second case, we write µ = N (m, q), where m is the mean and q is the

variance. A Gaussian measure is called centered if m = 0.

A Gaussian measure on Rn is characterized by the property that every one-

dimensional projection is Gaussian. This viewpoint extends naturally to Banach

spaces.

Let (X1,A1) and (X2,A2) be measurable spaces, T : X1 → X2 measurable,

and µ a measure on (X1,A1). The push-forward measure T ♯µ on (X2,A2)

is defined by

T ♯µ(A) = µ
(
T−1(A)

)
, A ∈ A2.
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We have also the following change-of-variables formula: for every measurable

function f : X2 → C,∫
X2

f(y)T ♯µ(dy) =

∫
X1

f
(
T (x)

)
µ(dx).

Now, let us define Gaussian measures on Banach spaces.

Definition 1.2. A probability measure µ on a separable Banach space B is

called a Gaussian measure if for every ℓ ∈ B∗, the push-forward measure ℓ♯µ

is a Gaussian measure on R. We call µ centered if ℓ♯µ is centered for every

ℓ ∈ B∗.

Throughout these notes, we assume that all Gaussian measures are centered

unless stated otherwise. For this definition to be well posed, we need to know

that the family (ℓ♯µ)ℓ∈B∗ determines the measure µ. This is a consequence of

the following theorem, whose proof will be omitted.

Theorem 1.3. Let µ and ν be two probability measures on a separable Banach

space B. If ℓ♯µ = ℓ♯ν for every ℓ ∈ B∗, then µ = ν.

The covariance operator Cµ is the infinite-dimensional analogue of a covari-

ance matrix: it records the covariance of every pair of linear observations ℓ1(X)

and ℓ2(X).

Definition 1.4. Let µ be a centered Gaussian measure on B. The covariance

operator Cµ : B∗ × B∗ → R is defined by

Cµ(ℓ1, ℓ2) =

∫
B
ℓ1(x)ℓ2(x)µ(dx), ℓ1, ℓ2 ∈ B∗.

Remark. Given a Gaussian measure µ on B, let X be a random variable with

distribution µ. For every ℓ1, ℓ2 ∈ B∗, we have

Cµ(ℓ1, ℓ2) = E[ℓ1(X)ℓ2(X)].

Remark. We can identify Cµ with an operator Ĉµ : B∗ → B∗∗ by setting

Ĉµ(ℓ1)(ℓ2) = Cµ(ℓ1, ℓ2), ℓ1, ℓ2 ∈ B∗.

In the case where B = Rn, the Fourier transform of a centered Gaussian
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measure µ is given by

µ̂(x) =

∫
Rn

ei⟨x,y⟩ µ(dy), x ∈ Rn.

This formula extends naturally to Banach spaces as follows.

Definition 1.5. Let µ be a centered Gaussian measure on a separable Banach

space B. The Fourier transform of µ is the function µ̂ : B∗ → C defined by

µ̂(ℓ) =

∫
B
eiℓ(x) µ(dx), ℓ ∈ B∗.

The Fourier transform of a centered Gaussian measure on a Banach space

has the following explicit form.

Theorem 1.6. Let µ be a centered Gaussian measure on a separable Banach

space B. Then, for every ℓ ∈ B∗,

µ̂(ℓ) = exp

(
−1

2
Cµ(ℓ, ℓ)

)
. (1.1)

Proof. Let us first consider the case where B = R and µ = N (0, q). Let X be a

random variable with distribution µ. Then

E[eiX ] =

∫
R
eix

1√
2πq

exp

(
−x2

2q

)
dx

= e−
q
2

∫
R

1√
2πq

exp

(
− (x− iq)2

2q

)
dx

= e−
q
2 .

Now let B be a separable Banach space and let µ be a centered Gaussian measure

on B. Fix ℓ ∈ B∗, and let X be a random variable with distribution µ. By

definition, the random variable ℓ(X) has distribution ℓ♯µ = N (0, q). Note that

Cµ(ℓ, ℓ) =

∫
B
ℓ(x)2 µ(dx) = E[ℓ(X)2] = q.

Thus,

µ̂(ℓ) = E[eiℓ(X)] = e−
q
2 = exp

(
−1

2
Cµ(ℓ, ℓ)

)
.

This completes the proof.
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Remark. It is well known that if X ∼ N (0, q), then for every t ∈ R,

E[etX ] = e
qt2

2 .

The proof of this fact is similar to that of Theorem 1.6.

The Fourier transform of a probability measure on B uniquely determines

the measure.

Theorem 1.7. Let µ and ν be two probability measures on a separable Banach

space B. If µ̂(ℓ) = ν̂(ℓ) for every ℓ ∈ B∗, then µ = ν.

1.2 Fernique’s Theorem

This section is devoted to Fernique’s theorem. It shows that a Gaussian measure

on a separable Banach space satisfies an exponential integrability estimate. As

a consequence, Gaussian measures have exponentially decaying tails and finite

moments of all orders.

We need the following lemma.

Lemma 1.8. Let µ be a centered Gaussian measure on B. For every φ ∈ R,
define the rotation Rφ : B2 → B2 by

Rφ(x, y) =
(
x sinφ+ y cosφ, x cosφ− y sinφ

)
.

Then,

R♯
φ(µ⊗ µ) = µ⊗ µ.

Proof. By Theorem 1.7, it suffices to show that for every (ℓ1, ℓ2) ∈ (B∗)2, one

has

µ̂⊗ µ(ℓ1, ℓ2) =
̂

R♯
φ(µ⊗ µ)(ℓ1, ℓ2).

For (x, y) ∈ B2, denote (x′, y′) = Rφ(x, y). For (ℓ1, ℓ2) ∈ (B∗)2, set

ℓ′1 = ℓ1 sinφ+ ℓ2 cosφ, ℓ′2 = ℓ1 cosφ− ℓ2 sinφ.

By Theorem 1.6,

µ̂⊗ µ(ℓ1, ℓ2) =

∫
B2

ei(ℓ1(x)+ℓ2(y)) µ(dx)µ(dy)

= µ̂(ℓ1)µ̂(ℓ2) = exp

(
−1

2
Cµ(ℓ1, ℓ1)−

1

2
Cµ(ℓ2, ℓ2)

)
.
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Similarly,

̂
R♯

φ(µ⊗ µ)(ℓ1, ℓ2) =

∫
B2

ei(ℓ1(x
′)+ℓ2(y

′)) µ(dx)µ(dy)

=

∫
B2

ei(ℓ
′
1(x)+ℓ′2(y)) µ(dx)µ(dy)

= exp

(
−1

2
Cµ(ℓ

′
1, ℓ

′
1)−

1

2
Cµ(ℓ

′
2, ℓ

′
2)

)
.

A direct computation using bilinearity and symmetry of Cµ shows that

Cµ(ℓ1, ℓ1) + Cµ(ℓ2, ℓ2) = Cµ(ℓ
′
1, ℓ

′
1) + Cµ(ℓ

′
2, ℓ

′
2).

Therefore the Fourier transforms coincide, which concludes the proof.

The next theorem is Fernique’s theorem. It states that a Gaussian measure

on a separable Banach space satisfies an exponential integrability estimate.

Theorem 1.9 (Fernique’s Theorem). Let µ be a centered Gaussian measure on

a separable Banach space B. Then, there exists α > 0 such that∫
B
exp

(
α∥x∥2

)
µ(dx) < ∞.

Proof. Let t > τ ⩾ 0 and set

A = {(x, y) ∈ B2 : ∥x∥ > t, ∥y∥ ⩽ τ}.

Applying Lemma 1.8 with φ = π/4, we obtain

(µ⊗ µ)(A) = (µ⊗ µ)(R−1
π/4(A))

= (µ⊗ µ)
{
(x, y) :

∥∥∥x+ y√
2

∥∥∥ > t,
∥∥∥x− y√

2

∥∥∥ ⩽ τ
}
.

Equivalently,

(µ⊗ µ)(A) =

∫
∥x+y∥>

√
2t

∫
∥x−y∥⩽

√
2τ

µ(dx)µ(dy).

By the triangle inequality,

min{∥x∥, ∥y∥} ⩾
1

2
(∥x+ y∥ − ∥x− y∥) .
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Hence, on the set {∥x+ y∥ >
√
2t, ∥x− y∥ ⩽

√
2τ}, we have

∥x∥ >
t− τ√

2
and ∥y∥ >

t− τ√
2

.

Therefore,

(µ⊗ µ)(A) ⩽
∫
∥x∥> t−τ√

2

∫
∥y∥> t−τ√

2

µ(dx)µ(dy) = µ

(
∥x∥ >

t− τ√
2

)2

.

On the other hand,

(µ⊗ µ)(A) = µ(∥x∥ > t)µ(∥x∥ ⩽ τ).

Combining these two bounds yields

µ(∥x∥ > t)µ(∥x∥ ⩽ τ) ⩽ µ

(
∥x∥ >

t− τ√
2

)2

. (1.2)

Choose τ > 0 such that µ(∥x∥ ⩽ τ) ⩾ 3/4. Set t0 = τ and define recursively

tn+1 =
√
2 tn + τ, n ⩾ 0.

Applying (1.2) with t = tn+1 gives

µ(∥x∥ > tn+1) ⩽
1

µ(∥x∥ ⩽ τ)
µ

(
∥x∥ >

tn+1 − τ√
2

)2

⩽
4

3
µ(∥x∥ > tn)

2.

Let

yn =
4

3
µ(∥x∥ > tn).

Then yn+1 ⩽ y2n and, since µ(∥x∥ > τ) ⩽ 1/4, we have y0 ⩽ 1/3. Hence,

µ(∥x∥ > tn) =
3

4
yn ⩽

3

4
y2

n

0 ⩽
3

4
3−2n .

Moreover, one checks that

tn =
(
√
2)n+1 − 1√
2− 1

τ ⩽ 2n/2(2 +
√
2)τ ⩽ 5 · 2n/2τ.
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In particular, 2n ⩾ t2n
25τ2 , and therefore

µ(∥x∥ > tn) ⩽
3

4
3−2n ⩽

3

4
3−t2n/(25τ

2) =
3

4
exp

(
− log 3

25

t2n
τ2

)
.

Consequently, there exists α > 0 such that for every t ⩾ τ ,

µ(∥x∥ > t) ⩽ exp

(
−2α

t2

τ2

)
.

Integrating by parts, we obtain∫
B
exp

(
α∥x∥2

τ2

)
µ(dx) ⩽ eα +

2α

τ2

∫ ∞

τ

t eαt
2/τ2

µ(∥x∥ > t) dt

⩽ eα + 2α

∫ ∞

1

t e−αt2 dt < ∞. (1.3)

There are a few important consequences of Fernique’s theorem. Most no-

tably, Gaussian measures on separable Banach spaces have finite moments of

all orders, i.e., for every p > 0,∫
B
∥x∥p µ(dx) < ∞.

In fact, the result can be stronger, we can bound the even moments in terms of

the first moment.

Corollary 1.10. There exist universal constants α,K > 0 with the following

properties. Let µ be a centred Gaussian measure on a separable Banach space B
and let f : R+ → R+be any measurable function such that f(x) ⩽ Cf exp

(
αx2

)
for every x ⩾ 0. Define furthermore the first moment of µ by M =

∫
B ∥x∥µ(dx).

Then, one has the bound
∫
B f(∥x∥/M)µ(dx) ⩽ KCf .

In particular, the higher moments of µ are bounded by
∫
B ∥x∥2nµ(dx) ⩽

n!Kα−nM2n.

Proof. Consider τ = 4M in equation (1.3). Then, we have

K =

∫
B
exp

(
α

16

∥x∥2

M2

)
µ(dx) < ∞.

Now, let α0 = α
16 . For any measurable function f : R+ → R+ such that
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f(x) ⩽ Cf exp
(
α0x

2
)
for every x ⩾ 0, we have∫

B
f(∥x∥/M)µ(dx) ⩽ Cf

∫
B
exp

(
α0

∥x∥2

M2

)
µ(dx)

= KCf ,

which proves the corollary.

The fact that second moments are finite implies that the covariance form Cµ

is a bounded bilinear form on B∗ × B∗.

Corollary 1.11. There exists a constant ∥Cµ∥ < ∞ such that Cµ (ℓ, ℓ
′) ⩽

∥Cµ∥ ∥ℓ∥ ∥ℓ′∥ for any ℓ, ℓ′ ∈ B∗. Furthermore, the operator Ĉµ is a continuous

operator from B∗ to B.

Proof. By definition of Cµ and Cauchy-Schwarz inequality, we have

Cµ (ℓ, ℓ
′) =

∫
B
ℓ(x)ℓ′(x)µ(dx)

⩽

(∫
B
ℓ(x)2µ(dx)

)1/2(∫
B
ℓ′(x)2µ(dx)

)1/2

⩽
∫
B
∥x∥2µ(dx)∥ℓ∥ ∥ℓ′∥ .

The fact that Ĉµ is continuous follows directly from the boundedness of Cµ. To

check the range of Ĉµ is in B, we just note that we have identity

Ĉµ(ℓ) =

∫
B
xℓ(x)µ(dx),

and it is clear that ∥Ĉµ(ℓ)∥ < ∞.

When the Banach space B is a Hilbert space H, the covariance operator Ĉµ

can be identified with a trace-class operator on H. In this case, the covariance

operator is defined by the relation Cµ(h, k) = ⟨Ĉµh, k⟩ for any h, k ∈ H.

Corollary 1.12. Let µ be a centred Gaussian measure on a separable Hilbert

space H. Then, the covariance operator Ĉµ : H → H is trace class and one has

identity ∫
H
∥x∥2µ(dx) = Tr

(
Ĉµ

)
.
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Conversely, for every positive trace class symmetric operator K on H, there

exists a centred Gaussian measure µ on H such that Ĉµ = K.

Proof. Fix an orthonormal basis {en}n∈N of H. By Fernique’s theorem, the

second moment of µ is finite and we have

Tr
(
Ĉµ

)
=
∑
n∈N

〈
Ĉµen, en

〉
=
∑
n∈N

Cµ (en, en)

=
∑
n∈N

∫
H
⟨en, x⟩2 µ(dx) =

∫
H
∥x∥2µ(dx).

Conversely, let K be a positive trace class symmetric operator on H. By the

spectral theorem, there exists an orthonormal basis {en}n∈N of H and a se-

quence of nonnegative real numbers {λn}n∈N such that
∑

n∈N λn < ∞ and

Ken = λnen, n ∈ N.

Take a sequence of i.i.d. N (0, 1) random variables {ξn}n∈N defined on a prob-

ability space (Ω,F , P ). Define the random variable Xn : Ω → H by

Xn(ω) =

n∑
k=1

√
λkξk(ω)ek, ω ∈ Ω.

Then, since we have

E
[
∥Xn∥2

]
= E

[
n∑

k=1

λkξ
2
k

]
=

n∑
k=1

λk < ∞,

the sequence {Xn}n∈N converges in mean square, so that it has a subsequence

that converges almost surely to a random variable X : Ω → H. Let µ be the

10



distribution of X. Now, for any h, k ∈ H, we have

Cµ(h, k) = E[⟨h,X⟩⟨k,X⟩]

= lim
n→∞

E [⟨h,Xn⟩ ⟨k,Xn⟩]

= lim
n→∞

n∑
i,j=1

√
λiλjE [ξiξj ] ⟨h, ei⟩ ⟨k, ej⟩

= lim
n→∞

n∑
i=1

λi ⟨h, ei⟩ ⟨k, ei⟩

= ⟨Kh, k⟩.

Thus, we have Ĉµ = K, which concludes the proof.

1.3 Kolmogorov’s Continuity Theorem

In this subsection, we present Kolmogorov’s continuity theorem. Let B =

C([0, 1]d,R) denote the space of continuous functions from [0, 1]d to R. Equipped
with the supremum norm

∥f∥∞ = sup
x∈[0,1]d

|f(x)|,

it is a separable Banach space.

By the Riesz-Markov theorem, its dual space can be identified with

C([0, 1]d,R)∗ ∼= M([0, 1]d),

the space of finite signed Borel measures on [0, 1]d. For f ∈ C([0, 1]d,R) and

ν ∈ M([0, 1]d), the duality pairing is

⟨f, ν⟩ =
∫
[0,1]d

f(x) ν(dx).

Let µ be a centered Gaussian measure on C([0, 1]d,R). Its covariance oper-

ator

Cµ : M([0, 1]d)×M([0, 1]d) → R

is defined by

Cµ(ν, ν
′) =

∫
C([0,1]d,R)

⟨f, ν⟩ ⟨f, ν′⟩µ(df).
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In particular, for x, y ∈ [0, 1]d,

Cµ(δx, δy) =

∫
C([0,1]d,R)

⟨f, δx⟩ ⟨f, δy⟩µ(df)

=

∫
C([0,1]d,R)

f(x) f(y)µ(df).

For brevity, we write Cµ(x, y) instead of Cµ(δx, δy).

The Kolmogorov continuity theorem gives sufficient conditions for a function

C : [0, 1]d × [0, 1]d → R to be the covariance function of a centered Gaussian

measure on C([0, 1]d,R).

Theorem 1.13 (Kolmogorov’s Continuity Theorem). For d > 0, let C : [0, 1]d×
[0, 1]d → R be a symmetric function such that, for every finite collection {xi}mi=1

of points in [0, 1]d, the matrix Cij = C (xi, xj) is positive definite. If furthermore

there exists α > 0 and a constant K > 0 such that C(x, x)+C(y, y)−2C(x, y) ⩽

K|x − y|2α for any two points x, y ∈ [0, 1]d then there exists a unique centred

Gaussian measure µ on C
(
[0, 1]d,R

)
such that∫

C([0,1]d,R)

f(x)f(y)µ(df) = C(x, y)

for any two points x, y ∈ [0, 1]d. Furthermore, for every β < α, one has

µ
(
Cβ
(
[0, 1]d,R

))
= 1, where Cβ

(
[0, 1]d,R

)
is the space of β-Hölder continuous

functions.

Example 1.14. Let B = C([0, 1],R) and define

C : [0, 1]× [0, 1] → R, C(x, y) := x ∧ y.

To apply Kolmogorov’s continuity theorem, we need two facts about C. First,

it must be positive semidefinite. Second, its increments must satisfy a suitable

bound.

For the first point, fix x1, . . . , xm ∈ [0, 1] and a1, . . . , am ∈ R. Consider the

indicator functions

gi(t) := 1[0,xi](t), G(t) :=

m∑
i=1

aigi(t).
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A direct computation shows that

⟨gi, gj⟩L2([0,1]) =

∫ 1

0

1[0,xi](t)1[0,xj ](t) dt = xi ∧ xj ,

and therefore

m∑
i,j=1

aiaj C(xi, xj) =

m∑
i,j=1

aiaj(xi ∧ xj) = ∥G∥2L2([0,1]) ⩾ 0.

So C is positive semidefinite.

Next we check the increment bound. For any x, y ∈ [0, 1],

C(x, x) + C(y, y)− 2C(x, y) = x+ y − 2(x ∧ y) = |x− y|.

In particular, for every α ∈ (0, 1
2 ] we have |x − y| ⩽ |x − y|2α, so the required

estimate holds.

With these two checks in hand, Kolmogorov’s continuity theorem applies and

yields a unique centred Gaussian measure µ on C([0, 1],R) whose covariance is

C(x, y) = x ∧ y. This Gaussian measure is called the Wiener measure.

Remark. In probability theory, Wiener measure is often introduced via its

values on cylinder sets. Fix 0 < t1 < · · · < tn ⩽ 1 and Borel sets A1, . . . , An ⊂
R. Define

C(t1, . . . , tn;A1, . . . , An) := {f ∈ C([0, 1],R) : f(ti) ∈ Ai for i = 1, . . . , n}.

The Wiener measure µW is characterized by

µW (C(t1, . . . , tn;A1, . . . , An)) =

∫
A1

p(t1, x1) dx1

n∏
i=2

∫
Ai

p(ti−ti−1, xi−xi−1) dxi,

where

p(t, x) =
1√
2πt

exp

(
−x2

2t

)
is the density of N (0, t).

Let Xt(f) := f(t) be the canonical process. Under µW , (Xt)t∈[0,1] is a

standard Brownian motion: X0 = 0 a.s., and for 0 ⩽ s < t ⩽ 1 the increment

Xt −Xs ∼ N (0, t − s) and is independent of σ(Xr : r ⩽ s). In particular, for
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s ⩽ t,

E[XsXt] = E
[
Xs

(
Xs + (Xt −Xs)

)]
= E[X2

s ] + E[Xs]E[Xt −Xs] = s,

so E[XsXt] = s ∧ t. This agrees with the covariance kernel C(x, y) = x ∧ y of

the Gaussian measure obtained from Kolmogorov’s continuity theorem.

The next theorem is a more general version of Kolmogorov’s continuity theo-

rem. It provides sufficient conditions for a B-valued stochastic process to admit

a continuous modification.

Let {X(x) : Ω → B}x∈[0,1]d be a collection of B-valued random variables. Un-

der suitable moment assumptions, one can construct another collection {Y (x) :

Ω → B}x∈[0,1]d such that

(i) for every x ∈ [0, 1]d, X(x) and Y (x) are equal in law;

(ii) for P-almost every ω ∈ Ω, the map x 7→ Y (x, ω) is continuous.

Equivalently, Y can be viewed as a random variable with values in the path

space C
(
[0, 1]d,B

)
, i.e.

Y : Ω → C
(
[0, 1]d,B

)
,

where Y (ω)(x) := Y (x, ω). The distribution of Y is then a Gaussian measure

on C
(
[0, 1]d,B

)
.

Theorem 1.15. Let B be a separable Banach space and let {X(x)}x∈[0,1]d be a

collection of B-valued Gaussian random variables such that

E∥X(x)−X(y)∥ ⩽ C|x− y|α,

for some C > 0 and some α ∈ (0, 1]. Then there exists a unique Gaussian

measure µ on C
(
[0, 1]d,B

)
such that, if Y is a random variable with law µ, then

Y (x) is equal in law to X(x) for every x ∈ [0, 1]d. Furthermore,

µ
(
Cβ
(
[0, 1]d,B

))
= 1 for every β < α.

1.4 Cameron-Martin Space

Given a centered Gaussian measure µ on a separable Banach space B, the mea-

sure µ is generally not invariant under translations. However, there exists a

Hilbert subspace H ⊂ B, called the Cameron-Martin space, such that for
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every h ∈ H the translated measure µ(· − h) is equivalent to µ, i.e. they have

the same null sets.

Definition 1.16. The Cameron-Martin space Hµ associated to µ is the

completion of the linear subspace
◦
Hµ⊂ B defined by

◦
Hµ= {h ∈ B : ∃h∗ ∈ B∗ such that Cµ(h

∗, ℓ) = ℓ(h) ∀ ℓ ∈ B∗} ,

under the norm ∥ · ∥µ defined as follows. For h, k ∈
◦
Hµ with corresponding

representatives h∗, k∗ ∈ B∗, we set

⟨h, k⟩µ := Cµ(h
∗, k∗).

This is well-defined and yields a pre-Hilbert structure on
◦
Hµ; its completion is

the Hilbert space Hµ.

Remark. The space
◦
Hµ coincides with the range of the covariance operator

Ĉµ : B∗ → B defined by(
Ĉµ(ℓ1)

)
(ℓ) = Cµ(ℓ1, ℓ) ∀ ℓ, ℓ1 ∈ B∗.

Indeed, if h ∈
◦
Hµ and h∗ ∈ B∗ satisfies Cµ(h

∗, ℓ) = ℓ(h) for every ℓ ∈ B∗, then

ℓ(h) = Cµ(h
∗, ℓ) = ℓ

(
Ĉµ(h

∗)
)
for every ℓ ∈ B∗, hence h = Ĉµ(h

∗). Conversely,

if h = Ĉµ(ℓ) for some ℓ ∈ B∗, then

Cµ(ℓ, ℓ
′) = ℓ′(h) ∀ ℓ′ ∈ B∗,

so h ∈
◦
Hµ.

Remark. The norm on Cameron-Martin space is well-defined. Indeed, if h ∈
◦
Hµ

has two representatives h∗
1, h

∗
2 ∈ B∗, consider k = h∗

1 + h∗
2. Then, we have

Cµ(h
∗
1, h

∗
1)− Cµ(h

∗
2, h

∗
2) = Cµ(h

∗
1, k)− Cµ(h

∗
2, k) = k(h)− k(h) = 0.

Thus, the norm is independent of the choice of representative.

The next theorem shows that the Cameron-Martin space uniquely deter-

mines a centered Gaussian measure.

Theorem 1.17. Let µ and ν be centered Gaussian measures on a separable

Banach space B. If Hµ = Hν and ∥ · ∥µ = ∥ · ∥ν on this space, then µ = ν.

15



Proof. By Theorem 1.7, it suffices to show that µ̂(ℓ) = ν̂(ℓ) for every ℓ ∈ B∗.

Fix ℓ ∈ B∗ and write H := Hµ = Hν . Since the norms agree, the inner products

on H also agree.

For any h ∈ H, the covariance operator satisfies

⟨Ĉµ(ℓ), h⟩µ = ℓ(h) and ⟨Ĉν(ℓ), h⟩ν = ℓ(h).

Hence

⟨Ĉµ(ℓ)− Ĉν(ℓ), h⟩µ = 0 ∀h ∈ H,

so Ĉµ(ℓ) = Ĉν(ℓ) in H.

By (1.1), we have

µ̂(ℓ) = exp
(
− 1

2 ∥Ĉµ(ℓ)∥2µ
)
, ν̂(ℓ) = exp

(
− 1

2 ∥Ĉν(ℓ)∥2ν
)
.

Since Ĉµ(ℓ) = Ĉν(ℓ) and the norms coincide onH, we get µ̂(ℓ) = ν̂(ℓ). Therefore

µ = ν.

The next theorem proves that the Cameron-Martin space is indeed a subset

of the original Banach space.

Theorem 1.18. The Cameron-Martin space Hµ is a subset of B. Furthermore,

there exists a constant C > 0 such that for every h ∈ Hµ, one has

∥h∥2 ⩽ C∥h∥2µ. (1.4)

This implies that the inclusion map ι : Hµ → B is continuous.

Proof. For h ∈
◦
Hµ, we have

∥h∥2 = sup
ℓ∈B∗\{0}

ℓ(h)2

∥ℓ∥2
= sup

ℓ∈B∗\{0}

Cµ (h
∗, ℓ)

2

∥ℓ∥2

⩽ sup
ℓ∈B∗\{0}

Cµ (h
∗, h∗)Cµ(ℓ, ℓ)

∥ℓ∥2

⩽ ∥Cµ∥ ⟨h, h⟩µ,

this proves (1.4) for h ∈
◦
Hµ. Now, by (1.4), every Cauchy sequence in

◦
Hµ with

respect to the norm ∥·∥µ is also a Cauchy sequence in B with respect to the norm

∥ · ∥. Since B is complete, the limit of this Cauchy sequence in B exists. This

shows that Hµ ⊂ B and that the inclusion map ι : Hµ → B is continuous.
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In general, the representative h∗ ∈ B∗ appearing in the definition of Hµ need

not be unique. For example, if µ = δ0, then Cµ ≡ 0 and
◦
Hµ= {0}; for h = 0

the representative can be any h∗ ∈ B∗.

This non-uniqueness disappears after identifying B∗ with a subspace of

L2(B, µ) via the embedding

B∗ ↪→ L2(B, µ), ℓ 7→ ℓ(·).

Let Rµ denote the closure of B∗ in L2(B, µ). It sometimes called the repro-

ducing kernel Hilbert space associated to µ.

Theorem 1.19. There exists a canonical isometric isomorphism ι : Hµ → Rµ,

written h 7→ h∗. In particular, Hµ is separable.

Proof. We first prove that ι is injective. Suppose h ∈ Hµ satisfies ι(h) = h∗ = 0

in L2(B, µ). Then for every ℓ ∈ B∗ we have

ℓ(h) = Cµ(h
∗, ℓ) = 0.

Since B∗ separates points of B, it follows that h = 0. Hence ι is injective.

Next, let f ∈ B∗ ⊂ L2(B, µ). Define

h := Ĉµ(f) =

∫
B
x f(x)µ(dx) ∈ B.

Then for every ℓ ∈ B∗,

ℓ(h) = ℓ
(
Ĉµ(f)

)
= Cµ(f, ℓ),

so h ∈
◦
Hµ with representative h∗ = f . In particular, ι(h) = f , which shows that

ι maps onto B∗.

Finally, ι is an isometry on
◦
Hµ:

∥h∥2µ = Cµ(h
∗, h∗) = ∥h∗∥2L2(µ),

and therefore extends uniquely by continuity to an isometric map ι : Hµ →
Rµ. Since B∗ is dense in Rµ and ι(Hµ) is closed (being complete), we obtain

ι(Hµ) = Rµ, i.e. ι is surjective.

In particular, Hµ is separable because Rµ ⊂ L2(B, µ) is separable.

We need the following lemma for next result.
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Lemma 1.20. Let H be a Hilbert space and let D ⊂ H be dense. Then for

every h ∈ H,

∥h∥ = sup{⟨h, k⟩ | k ∈ D, ∥k∥ ⩽ 1}.

Proof. Fix h ∈ H and k ∈ D with ∥k∥ ⩽ 1. By Cauchy-Schwarz,

⟨h, k⟩ ⩽ ∥h∥ ∥k∥ ⩽ ∥h∥.

Taking the supremum over such k gives

sup{⟨h, k⟩ | k ∈ D, ∥k∥ ⩽ 1} ⩽ ∥h∥.

For the reverse inequality, since D is dense, there exists kn ∈ D such that∥∥∥∥ h

∥h∥
− kn

∥∥∥∥→ 0 (n → ∞)

(when h = 0 the statement is trivial). Then

⟨h, kn⟩ −→ ⟨h, h/∥h∥⟩ = ∥h∥,

and therefore

∥h∥ ⩽ sup{⟨h, k⟩ | k ∈ D, ∥k∥ ⩽ 1}.

The next result provides an alternative characterisation of the Cameron-

Martin space.

Theorem 1.21. Let µ be a centred Gaussian measure on B. For h ∈ B set

∥h∥′µ := sup{ℓ(h) | ℓ ∈ B∗, Cµ(ℓ, ℓ) ⩽ 1}.

Then for every h ∈ Hµ one has ∥h∥µ = ∥h∥′µ. In particular,

Hµ = {h ∈ B | ∥h∥′µ < ∞}.

Proof. Apply Lemma 1.20 to the Hilbert space Hµ with dense subspace D =
◦
Hµ.

For h ∈ Hµ we obtain

∥h∥µ = sup{⟨h, k⟩µ | k ∈
◦
Hµ, ∥k∥µ ⩽ 1}.
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Every k ∈
◦
Hµ can be written as k = Ĉµ(ℓ) for some ℓ ∈ B∗, and then

⟨h, k⟩µ = ℓ(h), ∥k∥2µ = Cµ(ℓ, ℓ).

Hence

∥h∥µ = sup{ℓ(h) | ℓ ∈ B∗, Cµ(ℓ, ℓ) ⩽ 1} = ∥h∥′µ.

This proves

Hµ ⊂ {h ∈ B | ∥h∥′µ < ∞}.

Conversely, suppose h ∈ B satisfies ∥h∥′µ < ∞. Define a linear map on
◦
Hµ

by

T :
◦
Hµ→ R, T (Ĉµ(ℓ)) := ℓ(h).

This is well defined, and

|T (Ĉµ(ℓ))| = |ℓ(h)| ⩽ ∥h∥′µ
√
Cµ(ℓ, ℓ) = ∥h∥′µ ∥Ĉµ(ℓ)∥µ,

so T is bounded. Hence T extends uniquely to a bounded linear functional on

Hµ. By the Riesz representation theorem, there exists a unique k ∈ Hµ such

that

ℓ(h) = ⟨k, Ĉµ(ℓ)⟩µ = Cµ(k
∗, ℓ) ∀ ℓ ∈ B∗.

Thus ℓ(h − k) = 0 for all ℓ ∈ B∗, and since B∗ separates points, we conclude

h = k ∈ Hµ. The proof is complete.

Since Rµ is obtained as the L2(µ)-closure of B∗, it is not surprising that its

elements behave like linear functionals on a set of full µ-measure.

Theorem 1.22. For every ℓ ∈ Rµ, there exist a measurable linear subspace

Vℓ ⊂ B and a linear map ℓ̃ : Vℓ → R such that µ(Vℓ) = 1 and ℓ = ℓ̃ µ-almost

surely.

Proof. By definition of Rµ, there exists a sequence (ℓn)n⩾1 ⊂ B∗ such that

∥ℓn − ℓ∥2L2(µ) ⩽ n−4.

Set Xn := ℓn − ℓ. By Chebyshev’s inequality, for every ε > 0,

µ
(
|Xn| > ε

)
⩽

∥Xn∥2L2(µ)

ε2
.
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Choosing ε = 1/n yields

µ
(
|Xn| > 1/n

)
⩽ n2∥Xn∥2L2(µ) ⩽ n−2,

and therefore
∑

n⩾1 µ(|Xn| > 1/n) < ∞. By the Borel-Cantelli lemma, |Xn(x)| ⩽
1/n for all but finitely many n, for µ-almost every x ∈ B; in particular,

ℓn(x) → ℓ(x) for µ-almost every x.

Define

Vℓ :=
{
x ∈ B : lim

n→∞
ℓn(x) exists

}
, ℓ̃(x) := lim

n→∞
ℓn(x) for x ∈ Vℓ.

Then µ(Vℓ) = 1 and ℓ = ℓ̃ µ-almost surely. Moreover, Vℓ is a linear subspace

and ℓ̃ is linear on Vℓ since it is the pointwise limit of linear maps.

The next theorem shows that every element of Rµ is a centred Gaussian

random variable.

Theorem 1.23. Let h∗ = ι(h) ∈ Rµ. Then h∗ is a centred Gaussian random

variable with variance ∥h∥2µ. Moreover, for h∗ = ι(h) and k∗ = ι(k) in Rµ,

E[h∗k∗] = ⟨h, k⟩µ.

Proof. By definition of a centred Gaussian measure, ℓ(x) is a centred Gaus-

sian random variable for every ℓ ∈ B∗. Since Rµ is the L2(µ)-closure of

B∗, for any h∗ ∈ Rµ there exists a sequence (ℓn)n⩾1 ⊂ B∗ such that ∥ℓn −
h∗∥L2(µ) → 0. Replacing ℓn by a suitable rescaling if necessary, we may assume

∥ℓn∥L2(µ) = ∥h∗∥L2(µ) for all n. Hence each ℓn has law N (0, ∥h∗∥2L2(µ)). Since

L2-convergence implies convergence in distribution, it follows that h∗ also has

law N (0, ∥h∗∥2L2(µ)). Using ∥h∗∥L2(µ) = ∥h∥µ gives the variance claim.

For the covariance, note that h∗ + k∗ = ι(h+ k), so by the first part,

E[(h∗ + k∗)2] = ∥h+ k∥2µ, E[(h∗)2] = ∥h∥2µ, E[(k∗)2] = ∥k∥2µ.

Therefore, by polarisation,

E[h∗k∗] =
1

2

(
E[(h∗ + k∗)2]− E[(h∗)2]− E[(k∗)2]

)
=

1

2

(
∥h+ k∥2µ − ∥h∥2µ − ∥k∥2µ

)
= ⟨h, k⟩µ.

20



Given two measures µ and ν on a measurable space (B,F), we say that µ and

ν are equivalent if they have the same null sets (or preserve the full measure

set equivalently), i.e. if µ(A) = 0 if and only if ν(A) = 0 for every A ∈ F .

On the other hand, we say that µ and ν are mutually singular if there exist

A,B ∈ F such that µ(A) = 1, ν(B) = 1, and A ∩B = ∅.

The next theorem illustrates a striking difference between Gaussian measures

on infinite-dimensional spaces and those on Rn.

Theorem 1.24. Let µ be a centred Gaussian measure on a separable Banach

space B with dim(Hµ) = ∞. Let Dc : B → B be the dilation map Dc(x) = cx.

Then, for every c ̸= ±1, the measures µ and D♯
cµ are mutually singular.

Proof. Since Rµ is a separable infinite-dimensional Hilbert space, it admits an

orthonormal basis {en}n⩾1. Define

XN (x) :=
1

N

N∑
n=1

|en(x)|2, x ∈ B.

Under µ, the random variables en are independent centred Gaussians with vari-

ance 1, hence Eµ[|e1|2] = 1. By the strong law of large numbers,

XN (x) −→ 1 for µ-almost every x ∈ B.

On the other hand, under D♯
cµ the random variables en remain independent

centred Gaussians, but their variance is multiplied by c2 since en(cx) = c en(x).

Thus ED♯
cµ
[|e1|2] = c2, and again by the strong law of large numbers,

XN (x) −→ c2 for D♯
cµ-almost every x ∈ B.

Let

A :=
{
x ∈ B : lim

N→∞
XN (x) = 1

}
, B :=

{
x ∈ B : lim

N→∞
XN (x) = c2

}
.

Then µ(A) = 1, D♯
cµ(B) = 1, and A ∩ B = ∅ whenever c2 ̸= 1, i.e. c ̸= ±1.

Hence µ and D♯
cµ are mutually singular.

The next result is the celebrated Cameron-Martin theorem, which char-

acterises exactly those translations that preserve the null sets of a Gaussian
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measure.

Theorem 1.25 (Cameron-Martin). For h ∈ B, let Th : B → B be the translation

Th(x) = x + h. Then T ♯
hµ ≪ µ if and only if h ∈ Hµ. Moreover, if h ∈ Hµ,

then
d T ♯

hµ

dµ
(x) = exp

(
h∗(x)− 1

2
∥h∥2µ

)
,

where h∗ = ι(h) ∈ Rµ.

Proof. Fix h ∈ Hµ and write h∗ = ι(h) ∈ Rµ. By Theorem 1.23, h∗ is a centred

Gaussian random variable with variance ∥h∥2µ. Define

Dh(x) := exp

(
h∗(x)− 1

2
∥h∥2µ

)
, x ∈ B.

Then Dh > 0 and

Eµ[Dh] = exp

(
−1

2
∥h∥2µ

)
Eµ

[
eh

∗
]
= exp

(
−1

2
∥h∥2µ

)
exp

(
1

2
∥h∥2µ

)
= 1,

so Dh ∈ L1(µ) defines a probability measure µh by

µh(A) :=

∫
A

Dh dµ, A ∈ F .

In particular, µh ≪ µ with Radon-Nikodym derivative dµh/dµ = Dh.

To identify µh, we compare Fourier transforms. For ℓ ∈ B∗,

µ̂h(ℓ) =

∫
B
eiℓ(x) µh(dx) =

∫
B
exp

(
iℓ(x) + h∗(x)− 1

2
∥h∥2µ

)
µ(dx).

Since iℓ+ h∗ is a (complex-valued) centred Gaussian random variable under µ,

its exponential moment can be computed explicitly, yielding

µ̂h(ℓ) = exp

(
−1

2
Cµ(ℓ, ℓ) + i ℓ(h)

)
.

On the other hand,

T̂ ♯
hµ(ℓ) =

∫
B
eiℓ(x) T ♯

hµ(dx) =

∫
B
eiℓ(x+h) µ(dx) = eiℓ(h)

∫
B
eiℓ(x) µ(dx)

= exp

(
−1

2
Cµ(ℓ, ℓ) + i ℓ(h)

)
.
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Thus µ̂h = T̂ ♯
hµ on B∗, hence µh = T ♯

hµ. This proves T
♯
hµ ≪ µ and the claimed

Radon-Nikodym derivative.

We use the fact that for every a ∈ R,

∥N (0, 1)−N (a, 1)∥TV ⩾ 2− 2 exp

(
−a2

8

)
.

Assume now that h /∈ Hµ. By Theorem 1.21, for each n ⩾ 1 there exists ℓn ∈ B∗

such that Cµ(ℓn, ℓn) = 1 and ℓn(h) ⩾ n. Then

ℓ♯nµ = N (0, 1), ℓ♯n(T
♯
hµ) = N (ℓn(h), 1).

Since total variation distance decreases under pushforward,

∥µ− T ♯
hµ∥TV ⩾ ∥ℓ♯nµ− ℓ♯n(T

♯
hµ)∥TV = ∥N (0, 1)−N (ℓn(h), 1)∥TV

⩾ 2− 2 exp

(
−ℓn(h)

2

8

)
⩾ 2− 2 exp

(
−n2

8

)
.

Letting n → ∞ yields ∥µ − T ♯
hµ∥TV = 2, which implies that µ and T ♯

hµ are

mutually singular.

Using the Cameron-Martin theorem, one can give another criterion for the

Cameron-Martin. It can be used to check the dimension of the Cameron-Martin

space is infinite.

Theorem 1.26. The space Hµ ⊂ B is the intersection of all (measurable) linear

subspaces of full measure. However, if Hµ is infinite-dimensional, then one has

µ (Hµ) = 0.

Proof. Let V ⊂ B be a full measure linear subspace and h ∈ Hµ. By the

Cameron-Martin theorem, we should have T ♯
hµ(V ) = 1, which implies µ(V −

h) = 1. If h /∈ V , then V ∩ (V − h) = ∅, this will give a contracdiction since

µ(V ∪ (V − h)) = 2. Thus, we have h ∈ V , which shows that Hµ is contained

in the intersection of all full measure linear subspaces.

Conversely, let h /∈ Hµ, we will construct a full measure linear subspace

V such that h /∈ V . By Theorem 1.21, there exists {ℓn} ∈ B∗ such that

Cµ(ℓn, ℓn) = 1 and ℓn(h) ⩾ n. Define a norm on B by

∥y∥2∗ :=

∞∑
n=1

ℓn(y)
2

n2
.
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Then, we have ∫
B
∥y∥2∗µ(dy) =

∞∑
n=1

Cµ(ℓn, ℓn)

n2
=

π2

6
< ∞,

this implies that the linear subspace

V := {y ∈ B : ∥y∥∗ < ∞}

is of full measure. However, by construction, we have ∥h∥∗ = ∞, so h /∈ V .

Now, assume that Hµ is infinite-dimensional. We then pick an orthonormal

sequence {e∗(n)}n⩾1 ⊂ Rµ so that e∗(n) ∼ N (0, 1) are independent centred

Gaussian random variables. Now, let us denote

p = P(|N (0, 1)| ⩽ 1) > 0,

and set

An := {x ∈ B : |e∗(n)(x)| ⩾ 1},

then we have µ(An) = p and

∞∑
n=1

µ(An) =

∞∑
n=1

p = ∞.

By the Borel-Cantelli lemma, we have µ-almost surely that |e∗(n)(x)| ⩾ 1 for

infinitely many n. This implies that for µ-almost every x ∈ B, we have

∥x∥2µ =

∞∑
n=1

|e∗(n)(x)|2 = ∞,

so x /∈ Hµ. Thus, we have µ (Hµ) = 0.

1.5 Images of Gaussian measures under linear maps

Let A : B → B2 be a bounded linear operator between two separable Banach

spaces. Recall that the adjoint operator A∗ : B∗
2 → B∗ is defined by

A∗(ℓ)(x) := ℓ(Ax), ∀ ℓ ∈ B∗
2 , x ∈ B.

Let µ be a centered Gaussian measure on B and denote by A♯µ its image

24



under A on B2. Then, for any ℓ1, ℓ2 ∈ B∗
2 , the covariance form of A♯µ satisfies

CA♯µ(ℓ1, ℓ2) =

∫
B2

ℓ1(x) ℓ2(x)A
♯µ(dx)

=

∫
B
ℓ1(Ax) ℓ2(Ax)µ(dx)

= Cµ(A
∗ℓ1, A

∗ℓ2).

Now recall that the Cameron-Martin space Hµ can be characterised as the

intersection of all linear subspaces of B having full µ-measure. In particular, if

A,B : B → B2 are linear maps that agree on Hµ, then they agree on a linear

subspace of full µ-measure; consequently, their pushforward measures coincide,

i.e. A♯µ = B♯µ. In this sense, the image measure of a linear map is determined

by its restriction to Hµ.

Theorem 1.27. Let µ be a centred Gaussian probability measure on a separable

Banach space B. Let H be a separable Hilbert space and let A : Hµ → H be

a Hilbert-Schmidt operator (equivalently, AA∗ : H → H is trace class). Then

there exists a measurable map Â : B → H such that ν = Â♯µ is Gaussian on H
with covariance

Cν(h, k) = ⟨A∗h,A∗k⟩µ, h, k ∈ H.

Moreover, there exists a measurable linear subspace V ⊂ B with µ(V ) = 1 such

that Â|V is linear and Â|Hµ
= A.

Proof. Let {en}n⩾1 be an orthonormal basis ofHµ and let {e∗n}n⩾1 ⊂ Rµ denote

the corresponding coordinate maps. For N ⩾ 1, define SN : B → H by

SN (x) :=

N∑
n=1

e∗n(x)Aen.

By Theorem 1.22, for each n ⩾ 1 there exists a measurable linear subspace

Vn ⊂ B with µ(Vn) = 1 such that e∗n is linear on Vn. Set

V0 :=

∞⋂
n=1

Vn.

Then µ(V0) = 1, and for every N ⩾ 1 the map SN is linear on V0.

Since the random variables {e∗n}n⩾1 are i.i.d. N (0, 1) under µ, the sequence
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{SN}N⩾1 is an H-valued martingale. Moreover,

Eµ∥SN∥2H =

N∑
n=1

∥Aen∥2H ⩽
∞∑

n=1

∥Aen∥2H = ∥A∥2HS < ∞.

Hence {SN} is bounded in L2(µ;H), and by the martingale convergence theorem

SN (x) converges in H for µ-almost every x.

Define

V :=
{
x ∈ V0 : lim

N→∞
SN (x) exists in H

}
,

so that µ(V ) = 1, and set

Â(x) :=


lim

N→∞
SN (x), x ∈ V,

0, x /∈ V.

Then Â is measurable, Â|V is linear, and one checks that Â|Hµ
= A.

Finally, fix h ∈ H. By construction,

⟨Â(x), h⟩H =

∞∑
n=1

e∗n(x) ⟨Aen, h⟩H in L2(µ),

and therefore

Cν(h, h) = Eµ

[
⟨Â(x), h⟩2H

]
=

∞∑
n=1

⟨Aen, h⟩2H = ∥A∗h∥2Hµ
.

By polarisation this yields Cν(h, k) = ⟨A∗h,A∗k⟩Hµ
. Moreover, since each finite

partial sum is a linear combination of independent Gaussian variables, ⟨Â(·), h⟩
is Gaussian for every h ∈ H, hence ν is Gaussian.

In fact, the result above extends to the case where the image space is a

general separable Banach space. We omit the proof.

Theorem 1.28. Let B1 and B2 be separable Banach spaces, and let µ be a

centred Gaussian probability measure on B1. Let A : Hµ → B2 be a bounded

linear operator. Assume that there exists a centred Gaussian measure ν on B2

whose covariance satisfies

Cν(ℓ1, ℓ2) = ⟨A∗ℓ1, A
∗ℓ2⟩µ, ℓ1, ℓ2 ∈ B∗

2 ,
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where A∗ : B∗
2 → Hµ denotes the adjoint map. Then there exists a measurable

map Â : B1 → B2 such that ν = Â♯µ. Moreover, there exists a measurable linear

subspace V ⊂ B1 with µ(V ) = 1 such that Â|V is linear and Â|Hµ = A.

Lastly, we show that the extension Â is unique up to a µ-null set. The main

tool is the Borell-Sudakov-Cirel’son inequality. For ε > 0, denote by Bε the

open ball of radius ε centred at 0 in the Cameron-Martin space Hµ, namely

Bε := {h ∈ Hµ : ∥h∥µ < ε}.

We also write Φ for the cumulative distribution function of the standard normal

law,

Φ(α) :=
1√
2π

∫ α

−∞
e−t2/2 dt.

Theorem 1.29 (Borell-Sudakov-Cirel’son inequality). Let µ be a centred Gaus-

sian measure on a separable Banach space B with Cameron-Martin space Hµ.

Let A ⊂ B be measurable with µ(A) = Φ(α) for some α ∈ R. Then, for every

ε > 0,

µ(A+Bε) ⩾ Φ(α+ ε).

A striking consequence is that if A has positive µ-measure, then A+Hµ has

full µ-measure. Indeed, since Bε ⊂ Hµ for every ε > 0, we have

µ(A+Hµ) ⩾ sup
ε>0

µ(A+Bε) ⩾ sup
ε>0

Φ(α+ ε) = 1.

Another consequence is the following 0-1 law for measurable linear subspaces.

Theorem 1.30. Let V ⊂ B be a measurable linear subspace. Then µ(V ) = 0

or µ(V ) = 1.

Proof. First assume that Hµ ⊂ V . Then Bε ⊂ V for every ε > 0, hence

V + Bε = V . If µ(V ) > 0, write µ(V ) = Φ(α) for some α ∈ R. By the

Borell-Sudakov-Cirel’son inequality,

µ(V ) = µ(V +Bε) ⩾ Φ(α+ ε) ∀ ε > 0.

Letting ε → ∞ yields µ(V ) = 1.

Next assume that Hµ ̸⊂ V . Choose h ∈ Hµ\V . Since V is a linear subspace,

the sets {V +th}t∈R are pairwise disjoint: if t1 ̸= t2 and (V +t1h)∩(V +t2h) ̸= ∅,
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then for some v1, v2 ∈ V we have v1+ t1h = v2+ t2h, which implies (t1− t2)h =

v2 − v1 ∈ V , hence h ∈ V , a contradiction.

If µ(V ) > 0, then by the Cameron-Martin theorem each translate V +

th has positive µ-measure, and we would obtain uncountably many pairwise

disjoint measurable sets of positive measure, which is impossible for a probability

measure. Therefore µ(V ) = 0.

The last theorem in this subsection establishes uniqueness of the measurable

extension of a linear map defined on the Cameron-Martin space.

Theorem 1.31. Let µ be a Gaussian measure on a separable Banach space B1

with Cameron-Martin space Hµ, and let A : Hµ → B2 be a linear map satisfying

the assumptions of Theorem 1.28. Then the extension Â of A is unique (up to µ-

null sets) within the class of measurable maps for which there exists a measurable

linear subspace V ⊂ B1 with µ(V ) = 1 such that Â is linear on V and Âx = Ax

for all x ∈ Hµ ⊂ V .

Proof. We argue by contradiction. Suppose there exist two measurable exten-

sions Â1 and Â2 of A satisfying the assumptions of the theorem. Then there

exist measurable linear subspaces V1, V2 ⊂ B1 with µ(V1) = µ(V2) = 1 such that

Â1 is linear on V1, Â2 is linear on V2, and

Â1x = Â2x = Ax for all x ∈ Hµ.

Set V := V1 ∩ V2. Then µ(V ) = 1, and both Â1 and Â2 are linear on V . Define

∆ : V → B2 by

∆x := Â1x− Â2x.

Then ∆ is linear on V and ∆x = 0 for every x ∈ Hµ ⊂ V . We claim that

∆x = 0 µ-almost surely.

Fix ℓ ∈ B∗
2 and c ∈ R, and consider the measurable sets

V c
ℓ := {x ∈ V : ℓ(∆x) ⩽ c}.

These sets are invariant under translations by elements of Hµ. Indeed, for

h ∈ Hµ and x ∈ V ,

ℓ(∆(x+ h)) = ℓ(∆x+∆h) = ℓ(∆x),

since ∆h = 0 on Hµ. Hence x ∈ V c
ℓ if and only if x+h ∈ V c

ℓ . By Theorem 1.29
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we therefore have µ(V c
ℓ ) ∈ {0, 1} for every c ∈ R.

For fixed ℓ, the map c 7→ µ(V c
ℓ ) is increasing, and by σ-additivity,

lim
c→−∞

µ(V c
ℓ ) = 0, lim

c→+∞
µ(V c

ℓ ) = 1.

It follows that there exists a unique cℓ ∈ R such that µ(V c
ℓ ) jumps from 0 to 1

at c = cℓ. Equivalently,

ℓ(∆x) = cℓ µ-almost surely.

Since µ is centred Gaussian, it is invariant under the symmetry x 7→ −x. By

linearity of ∆ we have ℓ(∆(−x)) = −ℓ(∆x), and therefore cℓ = −cℓ, which

implies cℓ = 0. Hence for every ℓ ∈ B∗
2 ,

ℓ(∆x) = 0 µ-almost surely.

By Theorem 1.7, this implies that the law of ∆x is the Dirac mass at 0, and

in particular ∆x = 0 µ-almost surely. Consequently, Â1 = Â2 µ-almost surely,

which proves uniqueness.

1.6 Cylindrical Wiener processes and stochastic integra-

tion

In this subsection we introduce cylindrical Wiener processes on a separable

Banach space and the associated stochastic integrals.

Definition 1.32. Let (Ω,F) be a measurable space and let B be a separable

Banach space. A stochastic process with values in B is a family of measurable

maps {Xt : Ω → B}t⩾0.

Consider the path space Ω = C([0, T ],B) equipped with its Borel σ-algebra

F = B(C([0, T ],B)). The canonical process {Xt}t∈[0,T ] on Ω is defined by

Xt(ω) = ω(t), ω ∈ C([0, T ],B).

Recall that a one-dimensional Wiener process (Brownian motion) {Wt}t⩾0

on a probability space (Ω,F ,P) is an R-valued stochastic process such that

W0 = 0 P-almost surely, W has independent increments, and for every 0 ⩽ s < t,

Wt −Ws ∼ N (0, t− s).
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On a finite time interval [0, T ], one can realise W as the canonical process

on C([0, T ],R) endowed with the Wiener measure µW (cf. Example 1.14). This

measure is Gaussian with covariance function

CµW
(s, t) = s ∧ t = min{s, t}, s, t ∈ [0, T ].

However, this construction does not extend directly to a Wiener process

on R+, since the path space C(R+,R) is not a separable Banach space in the

topology that controls behaviour at infinity. To circumvent this issue, we work

instead with a weighted path space.

Definition 1.33. Let ρ(t) = 1 + t2 for t ⩾ 0. Define

Cρ(R+,R) :=
{
x ∈ C(R+,R) : lim

t→∞

|x(t)|
ρ(t)

= 0

}
,

equipped with the norm

∥x∥ρ := sup
t⩾0

|x(t)|
ρ(t)

.

The next result shows that one can realise Wiener measure on this Banach

space. The proof is omitted.

Theorem 1.34. There exists a centred Gaussian measure µW on Cρ(R+,R)
with covariance function

CµW
(s, t) = s ∧ t, s, t ⩾ 0.

Moreover, the canonical process {Wt}t⩾0 on
(
Cρ(R+,R), B(Cρ(R+,R)), µW

)
is

a one-dimensional Wiener process (Brownian motion) on R+.

An Rn-valued Wiener process is simply given by n independent copies

of a one-dimensional Wiener process. More precisely, we write

W (t) = (W1(t), . . . ,Wn(t)),

where {Wi(t)}1⩽i⩽n are independent standard one-dimensional Wiener pro-

cesses. In particular, for all s, t ⩾ 0,

E
[
Wi(s)Wj(t)

]
= δij (s ∧ t).
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Consequently, for any u, v ∈ Rn,

E
[
⟨W (s), u⟩ ⟨W (t), v⟩

]
= E

( n∑
i=1

uiWi(s)

) n∑
j=1

vjWj(t)


=

n∑
i=1

n∑
j=1

uivj E
[
Wi(s)Wj(t)

]
= (s ∧ t)

n∑
i=1

uivi

= (s ∧ t) ⟨u, v⟩.

This characterisation admits a natural extension to arbitrary Hilbert spaces.

Let H be a Hilbert space with orthonormal basis {en}n⩾1. It is tempting to

define an H-valued Wiener process by

W (t) :=

∞∑
n=1

Wn(t) en,

where {Wn}n⩾1 are independent standard one-dimensional Wiener processes.

However, this series does not converge in H for any t > 0, since

E∥W (t)∥2H =

∞∑
n=1

E|Wn(t)|2 =

∞∑
n=1

t = +∞.

Therefore, to make sense of such a construction, we must enlarge the state space.

Theorem 1.35. Let H be a separable Hilbert space. Then there exists a Hilbert

space H′ such that H is densely embedded in H′ and the inclusion map ι : H →
H′ is Hilbert-Schmidt.

Proof. Let {en}n⩾1 be an orthonormal basis of H and define a new norm on H
by

∥x∥2H′ :=

∞∑
n=1

1

n2
⟨x, en⟩2H.

Let H′ be the completion of H with respect to this norm. Then {nen}n⩾1 is an

orthonormal basis of H′. Moreover,

∥ι∥2HS =

∞∑
n=1

∥ιen∥2H′ =

∞∑
n=1

∥en∥2H′ =

∞∑
n=1

1

n2
< ∞,
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so the inclusion ι : H → H′ is Hilbert-Schmidt.

We can now define cylindrical Wiener processes.

Definition 1.36. Let H be a separable Hilbert space and let H′ be as in

Theorem 1.35, with inclusion map ι : H → H′. A cylindrical Wiener process

on H is an H′-valued Gaussian process {W (t)}t⩾0 such that for all h, k ∈ H′

and s, t ⩾ 0,

E
[
⟨W (s), h⟩H′ ⟨W (t), k⟩H′

]
= (s ∧ t) ⟨ι∗h, ι∗k⟩H = (s ∧ t) ⟨ιι∗h, k⟩H′ .

By Kolmogorov’s continuity theorem, such a process can be realised as the

canonical process on a suitable path space Cρ(R+,H′) endowed with an appro-

priate Gaussian measure.

Moreover, in the same setting, the smaller Hilbert space H can be identified

with the Cameron-Martin space of the centred Gaussian measure on H′ whose

covariance operator is ιι∗.

Theorem 1.37. Let µ be the centred Gaussian measure on H′ with covariance

operator Q = ιι∗. Then the Cameron-Martin space of µ is ι(H). Moreover, for

every ĥ ∈ H,

∥ιĥ∥2µ = ∥ĥ∥2H.

Proof. Recall that the pre-Cameron-Martin space H̊µ is the range of the covari-

ance operator. Hence

H̊µ = Ran(Q) = Ran(ιι∗) ⊂ Ran(ι) = ι(H).

Conversely, let ĥ ∈ H and set h := ιĥ ∈ H′. Since h ∈ Ran(Q), we may define

h∗ := Q−1h = (ιι∗)−1ιĥ ∈ H′.

Then for every k ∈ H′,

Cµ(h
∗, k) = ⟨Qh∗, k⟩H′ = ⟨h, k⟩H′ ,

which shows that h ∈ H̊µ. Therefore

ι(H) ⊂ H̊µ ⊂ ι(H),
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and hence H̊µ = ι(H). Taking the completion with respect to the Cameron-

Martin norm yields Hµ = ι(H).

Finally, take h = ιĥ and k = ιk̂ in H̊µ. Using h∗ = Q−1h and k∗ = Q−1k,

we obtain

⟨h, k⟩µ := Cµ(h
∗, k∗)

= ⟨Qh∗, k∗⟩H′

= ⟨h,Q−1k⟩H′

= ⟨ιĥ, (ιι∗)−1ιk̂⟩H′

= ⟨ĥ, ι∗(ιι∗)−1ιk̂⟩H = ⟨ĥ, k̂⟩H,

where in the last step we used ι∗(ιι∗)−1ι = IH on H. In particular,

∥ιĥ∥2µ = ⟨ιĥ, ιĥ⟩µ = ∥ĥ∥2H,

as claimed.

Remark. The terminology cylindrical Wiener process on H can be moti-

vated as follows. Although a cylindrical Wiener process W is in general only

H′-valued, let us pretend that W (t) ∈ H for every t ⩾ 0 for a while. Then, for

any h, k ∈ H, using the identity ι∗(ιι∗)−1ι = IH (on the appropriate subspace)

and the adjoint relation between ι and ι∗, we obtain

E
[
⟨W (s), h⟩H ⟨W (t), k⟩H

]
= E

[〈
ιW (s), (ιι∗)−1ιh

〉
H′

〈
ιW (t), (ιι∗)−1ιk

〉
H′

]
= (s ∧ t)

〈
(ιι∗)(ιι∗)−1ιh, (ιι∗)−1ιk

〉
H′

= (s ∧ t)
〈
ιh, (ιι∗)−1ιk

〉
H′

= (s ∧ t) ⟨h, k⟩H.

This is precisely the covariance identity of a standard Wiener process on H,

which explains the terminology.

Remark. Let H and H′ be as in Theorem 1.35, and let K be another separable

Hilbert space. If A : H → K is a bounded linear operator, then by Theorem 1.27

there exists a measurable extension Â : H′ → K such that, whenever W is a

cylindrical Wiener process on H, the composition ÂW is well-defined as a K-

valued process. By a slight abuse of notation, we will simply write AW in place

of ÂW .
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Now we give a precise definition of white noise.

Definition 1.38. Let H be a Hilbert space of distributions on R such that the

embedding

L2(R) ↪→ H

is Hilbert-Schmidt. A white noise is an H-valued centred Gaussian random

variable ξ such that, for all g, h ∈ L2(R),

E
[
⟨g, ξ⟩ ⟨h, ξ⟩

]
= ⟨g, h⟩L2(R),

where ⟨g, ξ⟩ denotes the dual pairing between L2(R) and H (which coincides

with the L2 inner product whenever ξ ∈ L2(R)).

Remark. Taking g = 1[0,t] and h = 1[0,s] yields

E
[
⟨1[0,t], ξ⟩ ⟨1[0,s], ξ⟩

]
= ⟨1[0,t],1[0,s]⟩L2(R) = t ∧ s.

Consequently, the process

W (t) := ⟨1[0,t], ξ⟩ =
∫ t

0

ξ(r) dr

is a standard Brownian motion. In this sense, white noise can be viewed as the

(distributional) time-derivative of Brownian motion.

Remark. The covariance identity can be written formally as

E
[(∫

R
g(s)ξ(s) ds

)(∫
R
h(t)ξ(t) dt

)]
=

∫
R
g(s)h(s) ds.

Equivalently, in distributional notation,

E
[
ξ(s)ξ(t)

]
= δ(t− s),

meaning that for all g, h ∈ L2(R),∫∫
R2

g(s)h(t)E
[
ξ(s)ξ(t)

]
ds dt =

∫
R
g(s)h(s) ds.

Thus, one may think of the law of ξ as a Gaussian measure on a space of

distributions whose covariance kernel is the Dirac delta.

Now, let W (t) be a cylindrical Wiener process on a separable Hilbert space
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H, it can be view as a cannonical process on Cρ(R+,H′) endowed with a suitable

Gaussian measure, where H′ is as in Theorem 1.35. We also denote by Ft the

filtration generated by {W (s) : s ⩽ t}. We are now in position to define the

stochastic integral with respect to W .

Let us first define the stochastic integral for elementary predictable processes.

Definition 1.39. Fix separable Hilbert spaces H and K. Let {(sj , tj ]}Nj=1 be a

finite family of pairwise disjoint intervals in R+, and let

Φj : Ω → L2(H,K), j = 1, . . . , N,

be Fsj -measurable random variables. An elementary predictable process

is a process

Φ ∈ L2
(
R+ × Ω;L2(H,K)

)
of the form

Φ(t, ω) =

N∑
j=1

Φj(ω)1(sj ,tj ](t).

Definition 1.40. Let Φ be an elementary predictable process as above and let

W be a cylindrical Wiener process on H. We define the stochastic integral

of Φ with respect to W by

∫ ∞

0

Φ(t) dW (t) :=

N∑
j=1

Φj

(
W (tj)−W (sj)

)
.

Equivalently, for ω ∈ Ω,

(∫ ∞

0

Φ(t) dW (t)

)
(ω) =

N∑
j=1

Φj(ω)
(
W (tj , ω)−W (sj , ω)

)
.

Remark. Since the cylindrical Wiener process W is H′-valued, the increment

W (tj)−W (sj) takes values in H′ and a priori cannot be acted on by an operator

defined only on H. This is why we require

Φj(ω) ∈ L2(H,K),

so that, by Theorem 1.27, each Φj(ω) admits a measurable extension to a map

Φ̂j(ω) : H′ → K which is linear on a subspace of full measure. With this

convention, the term Φj(ω)
(
W (tj) − W (sj)

)
is understood as Φ̂j(ω)

(
W (tj) −
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W (sj)
)
, and the stochastic integral is therefore well-defined (up to P-null sets).

One of the fundamental properties of the stochastic integral is the Itô isom-

etry. It asserts that the stochastic integral defines an isometry from the space

of elementary predictable processes into L2(Ω;K).

Theorem 1.41 (Itô isometry for cylindrical Wiener processes). Let Φ be an

elementary predictable process of the form

Φ(t, ω) =

N∑
j=1

Φj(ω)1(sj ,tj ](t), Φj : Ω → L2(H,K) is Fsj -measurable,

where the intervals (sj , tj ] are pairwise disjoint. Then

E
∥∥∥∥∫ ∞

0

Φ(t) dW (t)

∥∥∥∥2
K
= E

∫ ∞

0

∥Φ(t)∥2L2(H,K) dt = E
∫ ∞

0

tr
(
Φ(t)Φ(t)∗

)
dt.

Proof. By definition of the stochastic integral,

∫ ∞

0

Φ(t) dW (t) =

N∑
j=1

Φj

(
W (tj)−W (sj)

)
.

Since the increments of W over disjoint intervals are independent and centred,

the cross terms vanish, and therefore

E
∥∥∥∥∫ ∞

0

Φ(t) dW (t)

∥∥∥∥2
K
= E

∥∥∥∥∥∥
N∑
j=1

Φj

(
W (tj)−W (sj)

)∥∥∥∥∥∥
2

K

=

N∑
j=1

E
∥∥Φj

(
W (tj)−W (sj)

)∥∥2
K .

By Corollary 1.12, for each j = 1, . . . , N ,

E
∥∥Φj

(
W (tj)−W (sj)

)∥∥2
K = (tj − sj)E tr

(
ΦjΦ

∗
j

)
.

Summing over j yields

E
∥∥∥∥∫ ∞

0

Φ(t) dW (t)

∥∥∥∥2
K
=

N∑
j=1

(tj − sj)E tr
(
ΦjΦ

∗
j

)
.
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On the other hand, since Φ(t) = Φj for t ∈ (sj , tj ], we have

∫ ∞

0

tr
(
Φ(t)Φ(t)∗

)
dt =

N∑
j=1

∫ tj

sj

tr
(
ΦjΦ

∗
j

)
dt =

N∑
j=1

(tj − sj) tr
(
ΦjΦ

∗
j

)
.

Taking expectations and combining the preceding identities gives

E
∥∥∥∥∫ ∞

0

Φ(t) dW (t)

∥∥∥∥2
K
= E

∫ ∞

0

tr
(
Φ(t)Φ(t)∗

)
dt.

Finally, ∥Φ(t)∥2L2(H,K) = tr
(
Φ(t)Φ(t)∗

)
, which concludes the proof.

To extend the stochastic integral to more general integrands, we need the

following density result.

Theorem 1.42. The set of elementary processes is dense in the space L2
pr (R+ × Ω,L2(H,K))

of all predictable L2(H,K)-valued processes.

As a consequence, the stochastic integral can be extended by continuity to

all predictable processes in L2
(
R+ × Ω;L2(H,K)

)
.

Corollary 1.43. The stochastic integral
∫∞
0

Φ(t)dW (t) can be uniquely defined

for every process Φ ∈ L2
pr (R+ × Ω,L2(H,K)).
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2 Semigroup Theory

In this section, we aim to formulate a meaningful and rigorous solution theory

for the abstract evolution equation

d

dt
x(t) = Lx(t), t > 0, (2.1)

where x(t) takes values in a Banach space B and L : D(L) ⊂ B → B is a

(typically unbounded) linear operator. The central idea is that solutions of

(2.1) can often be described via a semigroup of operators generated by L.

Semigroups provide a convenient framework to describe time evolution: they

encode how a state changes over time and constitute a natural language for well-

posedness of PDEs.

Definition 2.1. Let B be a Banach space. A semigroup on B is a family of

bounded linear operators {S(t)}t⩾0 ⊂ L(B) such that

(i) S(0) = Id;

(ii) S(t)S(s) = S(t+ s) for all s, t ⩾ 0.

2.1 Strongly continuous semigroups

This subsection is devoted to strongly continuous semigroups, also called C0-

semigroups.

Definition 2.2. A semigroup {S(t)}t⩾0 on a Banach space B is called a strongly

continuous semigroup (or C0-semigroup) if for every x ∈ B the map

t 7→ S(t)x

is continuous from [0,∞) into B.

The next theorem gives a useful characterisation of strong continuity.

Theorem 2.3. A semigroup {S(t)}t⩾0 on a Banach space B is strongly contin-

uous if and only if:

(i) there exists a dense subset D ⊂ B such that the map t 7→ S(t)x is contin-

uous at t = 0 for every x ∈ D;
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(ii) there exist constants M ⩾ 1 and a ⩾ 0 such that

∥S(t)∥ ⩽ Meat for all t ⩾ 0.

To prove Theorem 2.3, we use the following standard lemma (we omit its

proof).

Lemma 2.4. If S is a C0-semigroup, then

K = sup
0⩽t⩽1

∥S(t)∥ < ∞.

Proof of Theorem 2.3. Assume first that S is a C0-semigroup. Then (i) holds

with D = B. For (ii), let K = sup0⩽t⩽1 ∥S(t)∥ as in Lemma 2.4. Fix t ⩾ 0 and

set n = ⌊t⌋+ 1. Then t
n ∈ (0, 1], hence

∥S(t)∥ =

∥∥∥∥S( t

n

)n∥∥∥∥ ⩽

∥∥∥∥S( t

n

)∥∥∥∥n ⩽ Kn ⩽ Ke(logK)t.

Therefore (ii) holds with M = K and a = logK.

Conversely, assume (i) and (ii). We first show that t 7→ S(t)x is continuous

at t = 0 for every x ∈ B. Fix ε > 0 and choose y ∈ D such that

∥x− y∥ ⩽ min
(ε
3
,

ε

3Mea

)
.

For 0 ⩽ t ⩽ 1, (ii) yields ∥S(t)∥ ⩽ Meat ⩽ Mea, and thus

∥S(t)x− S(t)y∥ ⩽ ∥S(t)∥ ∥x− y∥ ⩽ Mea∥x− y∥ ⩽
ε

3
.

By (i), there exists δ > 0 such that for 0 ⩽ t < δ,

∥S(t)y − y∥ ⩽
ε

3
.

Hence for 0 ⩽ t < min{1, δ},

∥S(t)x− x∥ ⩽ ∥S(t)x− S(t)y∥+ ∥S(t)y − y∥+ ∥y − x∥ < ε.

This proves continuity at t = 0 for all x ∈ B. Let t0 ⩾ 0 and let h → 0 with

t0 + h ⩾ 0. By the semigroup property,

∥S(t0 + h)x− S(t0)x∥ = ∥S(t0)
(
S(h)x− x

)
∥ ⩽ ∥S(t0)∥ ∥S(h)x− x∥.
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By (ii), ∥S(t0)∥ ⩽ Meat0 < ∞, and by the previous step we have ∥S(h)x−x∥ →
0 as h → 0. Hence ∥S(t0 + h)x− S(t0)x∥ → 0 as h → 0, which shows that t 7→
S(t)x is continuous at t0. Since t0 was arbitrary, S is strongly continuous.

For a C0-semigroup {S(t)}t⩾0, the map (t, x) 7→ S(t)x is jointly continuous

in t and x. Concretely, for every ε > 0, t0 ⩾ 0, and x0 ∈ B, there exists δ > 0

such that

∥S(t)x− S(t0)x0∥ < ε

whenever |t− t0| < δ and ∥x− x0∥ < δ.

Theorem 2.5. If S is a C0-semigroup on B, then the map (t, x) 7−→ S(t)x ∈ B
is jointly continuous from R+ × B into B.

Proof. Fix (t0, x0) ∈ R+ × B and ε > 0. As in the proof of Theorem 2.3, the

local boundedness of C0-semigroups implies that

M := sup
|t−t0|<1

∥S(t)∥ < ∞.

Choose δx := ε
2M . Then, for every x ∈ B with ∥x − x0∥ < δx and every t with

|t− t0| < 1, we have

∥S(t)(x− x0)∥ ⩽ ∥S(t)∥ ∥x− x0∥ ⩽ M∥x− x0∥ <
ε

2
.

By strong continuity at t0, there exists δt > 0 such that whenever |t− t0| < δt,

∥S(t)x0 − S(t0)x0∥ <
ε

2
.

Therefore, for |t− t0| < min{1, δt} and ∥x− x0∥ < δx, we obtain

∥S(t)x− S(t0)x0∥ ⩽ ∥S(t)(x− x0)∥+ ∥S(t)x0 − S(t0)x0∥ <
ε

2
+

ε

2
= ε.

This proves joint continuity.

The generator of a C0-semigroup captures its infinitesimal time evolution:

it describes the instantaneous rate of change of S(t)x at t = 0.

Definition 2.6. Let {S(t)}t⩾0 be a C0-semigroup on a Banach space B. The

generator L is defined by

Lx := lim
h↓0

S(h)x− x

h
,
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for all x in the domain

D(L) :=

{
x ∈ B : lim

h↓0

S(h)x− x

h
exists in B

}
.

A priori, the domain D(L) could be small. The next theorem shows that

this never happens for generators of C0-semigroups.

Theorem 2.7. Let L be the generator of a C0-semigroup {S(t)}t⩾0 on a Banach

space B. Then D(L) is dense in B.

Proof. Fix x ∈ B and for t > 0 define

xt :=

∫ t

0

S(s)x ds,

where the integral is understood in the Bochner sense. We first note that

1

t
xt − x =

1

t

∫ t

0

(S(s)x− x) ds.

Since s 7→ S(s)x is continuous and S(0)x = x, we have S(s)x → x as s ↓ 0;

hence the right-hand side converges to 0 as t ↓ 0. Therefore,

lim
t↓0

1

t
xt = x in B.

Consequently, it suffices to show that xt ∈ D(L) for every t > 0, because then

elements of D(L) approximate an arbitrary x ∈ B.
To verify xt ∈ D(L), use the semigroup property:

S(h)xt =

∫ t

0

S(h)S(s)x ds =

∫ t

0

S(h+ s)x ds =

∫ t+h

h

S(r)x dr.

Hence

S(h)xt − xt =

∫ t+h

h

S(r)x dr −
∫ t

0

S(r)x dr =

∫ t+h

t

S(r)x dr −
∫ h

0

S(r)x dr.

Dividing by h and letting h ↓ 0, continuity of r 7→ S(r)x yields

lim
h↓0

S(h)xt − xt

h
= S(t)x− S(0)x = S(t)x− x.

Therefore the defining limit exists, so xt ∈ D(L) for all t > 0. Since 1
txt → x as
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t ↓ 0, this proves that D(L) is dense in B.

Let {S(t)}t⩾0 be a C0-semigroup on a Banach space B with generator L.

We consider the abstract Cauchy problem

d

dt
x(t) = Lx(t), x(0) = x. (2.2)

The next theorem shows that for initial data x ∈ D(L) (which is dense in B),
the semigroup orbit u(t) = S(t)x is a classical solution.

Theorem 2.8. Let {S(t)}t⩾0 be a C0-semigroup with generator L. Then:

(i) S(t)D(L) ⊂ D(L) for every t ⩾ 0;

(ii) for every x ∈ D(L) and t ⩾ 0,

LS(t)x = S(t)Lx;

(iii) for every x ∈ D(L), the map t 7→ S(t)x is differentiable on (0,∞) and

∂tS(t)x = LS(t)x = S(t)Lx, t > 0.

Proof. Fix x ∈ D(L). We first prove (i) and (ii). Let t ⩾ 0. By the semigroup

property,
S(t+ h)x− S(t)x

h
= S(t)

S(h)x− x

h
.

Since x ∈ D(L), the limit of S(h)x−x
h exists in B as h ↓ 0 and equals Lx. Because

S(t) is bounded, we obtain

LS(t)x = lim
h↓0

S(h)S(t)x− S(t)x

h
= S(t)Lx.

In particular, the defining limit exists for S(t)x, so S(t)x ∈ D(L). This proves

(i), and the identity above gives (ii).

We now prove (iii). Fix t > 0. For the right derivative, we have

S(t+ h)x− S(t)x

h
= S(t)

S(h)x− x

h
−−→
h↓0

S(t)Lx = LS(t)x.

For the left derivative, take 0 < h < t and write

S(t)x− S(t− h)x

h
=

S(t− h)S(h)x− S(t− h)x

h
= S(t− h)

S(h)x− x

h
.
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As h ↓ 0, we have S(t−h) → S(t) strongly and S(h)x−x
h → Lx in B. Using local

boundedness of ∥S(·)∥ on [t− 1, t], the product converges to S(t)Lx = LS(t)x.

Therefore, the left and right derivatives agree, so t 7→ S(t)x is differentiable at

t and

∂tS(t)x = LS(t)x = S(t)Lx.

Corollary 2.9. Suppose x : [0, T ] → D(L) satisfies (2.2). Then x(t) = S(t)x0

for all t ∈ [0, T ]. In particular, no two distinct C0-semigroups can have the

same generator.

Proof. Fix T > 0 and define f : [0, T ] → B by

f(t) := S(t)x(T − t).

Let t ∈ (0, T ) and let h > 0 be small. Using the semigroup property and

adding/subtracting terms, we compute

f(t+ h)− f(t)

h
=

S(t+ h)x(T − t− h)− S(t)x(T − t)

h

= S(t)

[
S(h)x(T − t− h)− x(T − t− h)

h

]
+ S(t)

[
x(T − t− h)− x(T − t)

h

]
.

As h ↓ 0, we have x(T − t− h) → x(T − t) and x(T − t) ∈ D(L), hence

S(h)x(T − t− h)− x(T − t− h)

h
→ Lx(T − t).

Moreover, since x is differentiable and satisfies ∂tx = Lx,

x(T − t− h)− x(T − t)

h
→ −∂tx(T − t) = −Lx(T − t).

Therefore,

lim
h↓0

f(t+ h)− f(t)

h
= S(t)Lx(T − t)− S(t)Lx(T − t) = 0.

A similar computation for h ↑ 0 yields the same limit. Hence f ′(t) = 0 for
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t ∈ (0, T ), so f is constant on [0, T ]. Evaluating at t = 0 and t = T gives

x(T ) = f(0) = f(T ) = S(T )x0.

Since T was arbitrary, it follows that x(t) = S(t)x0 for all t ∈ [0, T ].

Lastly, we conclude this subsection with the Hille-Yosida theorem, which

characterises the generators of C0-semigroups. Before stating it, we introduce

the resolvent of an operator and explain its connection to semigroups via Laplace

transforms.

Definition 2.10. Let L : D(L) ⊂ B → B be a (not necessarily bounded) linear

operator. The resolvent set ρ(L) is the set of λ ∈ C such that

λI − L : D(L) → B

is bijective and its inverse extends to a bounded operator on B. For λ ∈ ρ(L)

we write

Rλ := (λI − L)−1 ∈ L(B),

and call Rλ the resolvent operator.

The following properties of the resolvent set and resolvent operator are fun-

damental in semigroup theory. We state them without proof.

Theorem 2.11. Let B be a Banach space and let L : D(L) → B be a linear

operator.

(i) Openness: ρ(L) is open in C.

(ii) Resolvent identity: for λ, µ ∈ ρ(L),

Rλ −Rµ = (µ− λ)RλRµ.

(iii) Uniqueness: knowing Rλ for one λ ∈ ρ(L) determines L uniquely.

The next theorem makes the link between semigroups and resolvents precise:

the resolvent of the generator can be recovered as the Laplace transform of the

semigroup. This identity will be the key tool when we later move to the Hille-

Yosida theorem, since it translates analytic bounds on the resolvent into growth

bounds for the semigroup (and vice versa).

44



Theorem 2.12. Let {S(t)}t⩾0 be a C0-semigroup on B with generator L, and

assume that ∥S(t)∥ ⩽ Meat for all t ⩾ 0. If λ ∈ C satisfies Reλ > a, then

λ ∈ ρ(L) and

Rλx =

∫ ∞

0

e−λtS(t)x dt, x ∈ B, (2.3)

where the integral is understood in the Bochner sense in B.

Proof. Fix λ with Reλ > a and define, for x ∈ B,

Zλx :=

∫ ∞

0

e−λtS(t)x dt.

We will show that Zλ is a bounded operator and that it is precisely the inverse

of λI − L.

We begin by checking that the integral defining Zλ is well behaved. Using

the growth bound on S(t),

∥e−λtS(t)∥ ⩽ Me−(Reλ−a)t,

so the integrand decays exponentially and the Bochner integral converges in

norm. In particular,

∥Zλ∥ ⩽
∫ ∞

0

Me−(Reλ−a)t dt =
M

Reλ− a
.

Next, we verify that Zλ is a right inverse for λI − L. Fix x ∈ B and h > 0.

By the semigroup property and a change of variables,

S(h)Zλx =

∫ ∞

0

e−λtS(t+ h)x dt = eλh
∫ ∞

h

e−λtS(t)x dt.

Subtracting Zλx and dividing by h yields

S(h)Zλx− Zλx

h
=

eλh − 1

h

∫ ∞

0

e−λtS(t)x dt− eλh

h

∫ h

0

e−λtS(t)x dt.

As h ↓ 0, the first term converges to λZλx. For the second term, continuity of

t 7→ S(t)x at 0 implies

1

h

∫ h

0

e−λtS(t)x dt → x,
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so the second term converges to x. Therefore the defining limit exists and

LZλx = λZλx− x,

which is the same as saying (λI − L)Zλx = x for every x ∈ B. Hence λI − L is

surjective.

It remains to show injectivity. Suppose (λI − L)x = 0 for some x ∈ D(L),

i.e. Lx = λx. Define u(t) := eλtx. Then u′(t) = λu(t) = Lu(t) and u(0) = x.

By uniqueness of classical solutions (Corollary 2.9), we must have u(t) = S(t)x.

Taking norms gives

∥S(t)x∥ = ∥eλtx∥ = eReλ t∥x∥.

If x ̸= 0, then ∥S(t)∥ ⩾ eReλ t for all t ⩾ 0, contradicting ∥S(t)∥ ⩽ Meat when

Reλ > a and t is large. Hence x = 0, so λI − L is injective.

Since λI − L is bijective and Zλ is bounded and satisfies (λI − L)Zλ = I,

we conclude that λ ∈ ρ(L) and Rλ = Zλ, i.e.

Rλx =

∫ ∞

0

e−λtS(t)x dt.

Next, we collect a few basic properties of generators of C0-semigroups. These

will be used repeatedly in the proof of the Hille-Yosida theorem, where one

works primarily with resolvents and closedness properties rather than with the

semigroup directly.

Definition 2.13. An operator L : D(L) → B is closed if its graph

G(L) := {(x, Lx) : x ∈ D(L)} ⊂ B × B

is closed. Equivalently, if xn ∈ D(L), xn → x, and Lxn → y in B, then x ∈ D(L)

and Lx = y.

Theorem 2.14 (Double Cauchy criterion). An operator L is closed if and only

if whenever {xn} ⊂ D(L) satisfies that {xn} is Cauchy in B and {Lxn} is

Cauchy in B, then the limits exist and satisfy

x := lim
n→∞

xn ∈ D(L), Lx = lim
n→∞

Lxn.

One of the main properties of generators of C0-semigroups is that they are
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always closed operators.

Theorem 2.15. Let L be the generator of a C0-semigroup {S(t)}t⩾0 satisfying

∥S(t)∥ ⩽ Meat. Then L is closed.

Proof. We may reduce to the case a = 0. Indeed, define S̃(t) := e−atS(t), which

is again a C0-semigroup. Its generator is L̃ = L − aI, and L is closed if and

only if L̃ is closed.

Assume now a = 0. By Theorem 2.12, we have 1 ∈ ρ(L), hence (I −
L)−1 ∈ L(B). Let {xn} ⊂ D(L) be such that xn → x and Lxn → y in B. Set

zn := (I − L)xn = xn − Lxn. Then zn → x− y. Applying (I − L)−1 and using

continuity, we obtain

xn = (I − L)−1zn −→ (I − L)−1(x− y).

By uniqueness of limits, x = (I−L)−1(x−y), so x ∈ D(L) and (I−L)x = x−y,

i.e. Lx = y. Thus L is closed.

The final ingredient we need before stating the Hille-Yosida theorem is a

quantitative estimate on the resolvent: not only is Rλ bounded when Reλ > a,

but its powers satisfy uniform bounds. These bounds will become the resolvent

growth condition appearing in Hille-Yosida.

Theorem 2.16. Let L be the generator of a C0-semigroup {S(t)}t⩾0 with

∥S(t)∥ ⩽ Meat. If Reλ > a, then for every n ∈ N,

∥Rn
λ∥ ⩽

M

(Reλ− a)n
.

Proof. Using the (2.3) and iterating n times, we obtain

Rn
λx =

∫ ∞

0

· · ·
∫ ∞

0

e−λ(t1+···+tn)S(t1 + · · ·+ tn)x dt1 · · · dtn.

Taking norms and using ∥S(t)∥ ⩽ Meat gives

∥Rn
λx∥ ⩽ M

∫ ∞

0

· · ·
∫ ∞

0

e−(Reλ−a)(t1+···+tn) dt1 · · · dtn ∥x∥.

Therefore,

∥Rn
λ∥ ⩽ M

∫ ∞

0

· · ·
∫ ∞

0

e−(Reλ−a)(t1+···+tn) dt1 · · · dtn =
M

(Reλ− a)n
.
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The Hille-Yosida theorem shows that the properties we have derived for

generators of C0-semigroups are not only necessary but also sufficient. In other

words, resolvent bounds completely characterise which (densely defined, closed)

operators generate a C0-semigroup with a prescribed growth bound.

Theorem 2.17 (Hille-Yosida). Let L : D(L) ⊂ B → B be densely defined and

closed. Then L generates a C0-semigroup {S(t)}t⩾0 satisfying ∥S(t)∥ ⩽ Meat

if and only if

{λ ∈ C : Reλ > a} ⊂ ρ(L) and ∥Rn
λ∥ ⩽

M

(Reλ− a)n
for all n ⩾ 1.

Sketch of proof. The necessity of the resolvent conditions was already estab-

lished in Theorems 2.12 and 2.16. We now explain, at a high level, why these

resolvent bounds are also sufficient to construct a C0-semigroup with generator

L.

Assume therefore that L is densely defined and closed, that {Reλ > a} ⊂
ρ(L), and that

∥Rn
λ∥ ⩽

M

(Reλ− a)n
, n ⩾ 1.

For real λ > a we introduce the bounded operator

Lλ := λLRλ ∈ L(B).

Using (λI − L)Rλ = I we have LRλ = λRλ − I, hence the concrete formula

Lλ = λ(λRλ − I) = λ2Rλ − λI.

The point is that Lλ is bounded, so it generates a uniformly continuous semi-

group, and as λ → ∞ it behaves more and more like L on D(L).

To make this precise, we first recall a standard consequence of the resolvent

estimates: for every x ∈ B,

λRλx → x in B as λ → ∞.

Equivalently, LRλx = λRλx−x → 0 for every x ∈ B. In particular, if x ∈ D(L),
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then Lx ∈ B and we may apply this convergence to Lx to obtain

∥Lλx− Lx∥ = ∥λLRλx− Lx∥ = ∥λRλLx− Lx∥ = ∥(λRλ − I)Lx∥ → 0.

So Lλ approximates L on D(L).

Since Lλ is bounded, we can define the associated uniformly continuous

semigroup by the exponential series

Sλ(t) := etLλ =

∞∑
n=0

tn

n!
Ln
λ, t ⩾ 0.

The resolvent bounds imply uniform control of these semigroups. Concretely,

one shows that there is a growth estimate of the form

∥Sλ(t)∥ ⩽ Mecλt for all t ⩾ 0,

with constants cλ that can be chosen so that cλ ↓ a as λ → ∞. In particular, for

λ large we may simply keep the rough bound ∥Sλ(t)∥ ⩽ Me2at (when a > 0).

With these uniform bounds in hand, one can take limits. Fix t ⩾ 0. Using the

approximation Lλx → Lx on D(L) together with the uniform growth estimate

for Sλ, one proves that for each x ∈ D(L) the family Sλ(t)x is Cauchy as λ → ∞.

Since D(L) is dense and supλ ∥Sλ(t)∥ < ∞ for fixed t, the limit extends uniquely

to every x ∈ B. We therefore define

S(t)x := lim
λ→∞

Sλ(t)x, x ∈ B.

The semigroup property is inherited from the approximations: since Sλ(t+

s) = Sλ(t)Sλ(s) for every λ, passing to the limit yields S(t + s) = S(t)S(s).

Strong continuity follows from the fact that each Sλ is strongly continuous and

that the convergence Sλ(t)x → S(t)x is uniform for t in compact intervals (for

each fixed x), which allows one to interchange limits in t and λ.

Finally, we identify the generator. Let L̃ denote the generator of the semi-

group {S(t)}t⩾0 just constructed. For the bounded semigroups we have the

variation-of-constants identity

Sλ(t)x− x

t
=

1

t

∫ t

0

Sλ(s)Lλx ds, x ∈ B.

Fix x ∈ D(L). Using Lλx → Lx together with the uniform bounds on Sλ(s),
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we may pass λ → ∞ inside the integral to obtain

S(t)x− x

t
=

1

t

∫ t

0

S(s)Lxds.

Letting t ↓ 0 then shows that x ∈ D(L̃) and L̃x = Lx for all x ∈ D(L). To

conclude equality of operators (not just an extension), one uses the resolvent

characterization: both λI−L and λI− L̃ are bijective for Reλ > a, hence their

inverses coincide on B, which forces D(L) = D(L̃) and L̃ = L.

2.2 Adjoint semigroups on dual spaces

Let B be a Banach space with dual B∗. We write the duality pairing as

⟨ℓ, x⟩ := ℓ(x), ℓ ∈ B∗, x ∈ B.

Definition 2.18. Let L : D(L) ⊂ B → B be a linear operator. The adjoint

operator L∗ : D(L∗) ⊂ B∗ → B∗ is defined by the domain

D(L∗) := {ℓ ∈ B∗ : ∃ ℓ′ ∈ B∗ such that ⟨ℓ, Lx⟩ = ⟨ℓ′, x⟩ ∀x ∈ D(L)} .

For ℓ ∈ D(L∗), we set L∗ℓ := ℓ′, equivalently

⟨L∗ℓ, x⟩ = ⟨ℓ, Lx⟩, ∀x ∈ D(L).

If {S(t)}t⩾0 is a C0-semigroup on B, its adjoint family {S∗(t)}t⩾0 on B∗

is defined by

⟨S∗(t)ℓ, x⟩ := ⟨ℓ, S(t)x⟩, ℓ ∈ B∗, x ∈ B.

Theorem 2.19 (Adjoint relations). Let {S(t)}t⩾0 be a C0-semigroup on B with

generator L. Then for every ℓ ∈ D(L∗):

(i) ( Invariance and commutation) For every t ⩾ 0,

S∗(t)ℓ ∈ D(L∗) and L∗S∗(t)ℓ = S∗(t)L∗ℓ.

(ii) (Differentiability of the pairing) For every x ∈ B, the map t 7→ ⟨ℓ, S(t)x⟩
is differentiable and

d

dt
⟨ℓ, S(t)x⟩ = ⟨L∗ℓ, S(t)x⟩, t ⩾ 0.
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Proof. Fix ℓ ∈ D(L∗). We begin by showing that D(L∗) is invariant under the

adjoint semigroup and that L∗ commutes with S∗(t) on this domain. Take t ⩾ 0

and x ∈ D(L). Using the semigroup property and the identity LS(t)x = S(t)Lx,

we compute

⟨S∗(t)ℓ, Lx⟩ = ⟨ℓ, S(t)Lx⟩ = ⟨ℓ, LS(t)x⟩ = ⟨L∗ℓ, S(t)x⟩ = ⟨S∗(t)L∗ℓ, x⟩.

This shows that S∗(t)ℓ ∈ D(L∗) and that L∗S∗(t)ℓ = S∗(t)L∗ℓ, proving (i).

With (i) in hand, we next verify the differentiability statement when x lies

in the generator domain. Let x ∈ D(L). Then

d

dt
⟨ℓ, S(t)x⟩ = lim

h→0

⟨ℓ, S(t+ h)x⟩ − ⟨ℓ, S(t)x⟩
h

= lim
h→0

〈
ℓ,
S(h)S(t)x− S(t)x

h

〉
= ⟨ℓ, LS(t)x⟩ = ⟨L∗ℓ, S(t)x⟩,

where the last equality uses ⟨ℓ, Ly⟩ = ⟨L∗ℓ, y⟩ with y = S(t)x ∈ D(L).

Finally, to extend the differentiability to arbitrary x ∈ B, fix T > 0 and

choose xn ∈ D(L) with xn → x in B. Define

f(t) := ⟨ℓ, S(t)x⟩, fn(t) := ⟨ℓ, S(t)xn⟩,

and

g(t) := ⟨L∗ℓ, S(t)x⟩, gn(t) := ⟨L∗ℓ, S(t)xn⟩.

By local boundedness of C0-semigroups, supt∈[0,T ] ∥S(t)∥ < ∞, hence fn → f

and gn → g uniformly on [0, T ]. From the previous paragraph, for each n and

all t ∈ [0, T ],

fn(t)− fn(0) =

∫ t

0

gn(s) ds.

Passing to the limit and using uniform convergence yields

f(t)− f(0) =

∫ t

0

g(s) ds.

Therefore f is differentiable on [0, T ] with f ′(t) = g(t). Since T > 0 was

arbitrary, the identity holds for all t ⩾ 0.

One might hope that {S∗(t)}t⩾0 is again a C0-semigroup on B∗. This is,
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however, false in general, as the following example shows.

Example 2.20 (The adjoint semigroup need not be strongly continuous on

B∗). Let B = C([0, 1],R) equipped with the supremum norm ∥ · ∥∞. By the

Riesz representation theorem, B∗ can be identified with the finite signed Borel

measures on [0, 1], equipped with the total variation norm

∥µ∥TV := sup
∥ϕ∥∞⩽1

∣∣∣∣∫ 1

0

ϕdµ

∣∣∣∣ .
Consider the Neumann heat semigroup, defined for f ∈ C([0, 1]) by

(S(t)f)(x) =

∫ 1

0

pNt (x, y)f(y) dy,

where

pNt (x, y) = 1 + 2

∞∑
n=1

e−n2π2t cos(nπx) cos(nπy).

We claim that

S∗(t)δ0 ̸→ δ0 in ∥ · ∥TV as t ↓ 0,

and therefore {S∗(t)}t⩾0 is not strongly continuous on B∗.

Fix t > 0. We show that ∥S∗(t)δ0 − δ0∥TV ⩾ 2. For r > 0 define the test

function

ϕr(x) =


1, x ∈ [0, r],

1− 2x−r
r , x ∈ [r, 2r],

−1, x ∈ [2r, 1].

so that ∥ϕr∥∞ = 1.

By the definition of the total variation norm and of the adjoint semigroup,

∥S∗(t)δ0 − δ0∥TV ⩾

∣∣∣∣∫ 1

0

ϕr d
(
S∗(t)δ0 − δ0

)∣∣∣∣
=
∣∣(S(t)ϕr)(0)− ϕr(0)

∣∣ = ∣∣(S(t)ϕr)(0)− 1
∣∣.

52



Using ϕr ⩽ 1 on [0, 2r] and ϕr = −1 on [2r, 1], we obtain

(S(t)ϕr)(0) =

∫ 1

0

pNt (0, y)ϕr(y) dy

⩽
∫ 2r

0

pNt (0, y) dy −
∫ 1

2r

pNt (0, y) dy

= 2

∫ 2r

0

pNt (0, y) dy − 1,

where we used
∫ 1

0
pNt (0, y) dy = 1. Choose r > 0 so small that

∫ 2r

0
pNt (0, y) dy <

ε. Then

(S(t)ϕr)(0) ⩽ 2ε− 1 =⇒
∣∣(S(t)ϕr)(0)− 1

∣∣ ⩾ 2− 2ε.

Letting ε ↓ 0 yields ∥S∗(t)δ0− δ0∥TV ⩾ 2. In particular, S∗(t)δ0 ̸→ δ0 in ∥ · ∥TV

as t ↓ 0.

To recover strong continuity, it is natural to restrict the adjoint family S∗(t)

to the norm-closure of D(L∗):

B† := D(L∗)
∥·∥B∗

⊂ B∗.

Theorem 2.21 (Phillips). For every ℓ ∈ B∗ there exists a sequence (ℓn) ⊂ B†

such that

ℓn(x) → ℓ(x) for all x ∈ B.

Equivalently, B† is weak-∗ dense in B∗.

Proof. Let Rn := (nI − L)−1 for n sufficiently large (for instance, n > a under

the growth bound), and define

ℓn := nR∗
nℓ.

Since Rn maps B into D(L), its adjoint R∗
n maps B∗ into D(L∗). Hence ℓn ∈

D(L∗) ⊂ B†.

For x ∈ B we have

ℓn(x) = ⟨ℓn, x⟩ = ⟨ℓ, nRnx⟩.

From the resolvent identity (nI −L)Rn = I we obtain nRn − I = LRn. There-
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fore,

∥nRnx− x∥ = ∥LRnx∥.

As shown in the Hille-Yosida argument, LRnx → 0 for each fixed x ∈ B, hence
nRnx → x. Consequently, ℓn(x) → ℓ(x) for every x ∈ B.

Theorem 2.22 (Adjoint semigroup on B†). Let {S(t)}t⩾0 be a C0-semigroup

on B with generator L, and set B† = D(L∗)
∥·∥B∗

. Then {S∗(t)}t⩾0 restricts to

a C0-semigroup on the Banach space B†. Its generator L† is the part of L∗ in

B†, namely

D(L†) = {ℓ ∈ D(L∗) : L∗ℓ ∈ B†}, L†ℓ := L∗ℓ.

Proof. We check strong continuity of S∗(t) on B† using the standard criterion

in Theorem 2.3.

The first condition is growth bound. Since ∥S∗(t)∥ = ∥S(t)∥, we have

∥S∗(t)∥B† ⩽ ∥S∗(t)∥B∗ = ∥S(t)∥ ⩽ Meat, t ⩾ 0.

The second condition is the continuity at t = 0 on a dense subset. Let

ℓ ∈ D(L∗) and x ∈ B. By Theorem 2.19 and the commutation L∗S∗(s)ℓ =

S∗(s)L∗ℓ, we have

⟨S∗(t)ℓ− ℓ, x⟩ =
∫ t

0

⟨L∗S∗(s)ℓ, x⟩ ds =
∫ t

0

⟨S∗(s)L∗ℓ, x⟩ ds.

Taking the supremum over ∥x∥ ⩽ 1 yields

∥S∗(t)ℓ− ℓ∥ = sup
∥x∥⩽1

∣∣⟨S∗(t)ℓ− ℓ, x⟩
∣∣

⩽
∫ t

0

sup
∥x∥⩽1

∣∣⟨S∗(s)L∗ℓ, x⟩
∣∣ ds = ∫ t

0

∥S∗(s)L∗ℓ∥ ds

⩽ ∥L∗ℓ∥
∫ t

0

∥S∗(s)∥ ds ⩽ ∥L∗ℓ∥
∫ t

0

Meas ds −−→
t↓0

0.

Thus S∗(t)ℓ → ℓ for all ℓ ∈ D(L∗), which is dense in B† by definition.

The growth bound and continuity at 0 on a dense set imply that S∗(t) is a

C0-semigroup on B†.
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Finally, the resolvent of the generator on B† is given by the Laplace formula

R†
λℓ =

∫ ∞

0

e−λtS∗(t)ℓ dt,

which is exactly the restriction of R∗
λ to B†. Hence the generator is the part of

L∗ in B†, i.e. the stated operator L†.

Next we discuss the special case of self-adjoint operators on Hilbert spaces.

In this setting the picture is considerably simpler, since the Riesz representation

theorem allows us to identify H with its dual.

Let H be a Hilbert space with inner product ⟨·, ·⟩.

Definition 2.23. A densely defined operator L : D(L) ⊂ H → H is self-

adjoint if D(L) = D(L∗) and L = L∗, equivalently,

⟨Lx, y⟩ = ⟨x, Ly⟩ for all x, y ∈ D(L).

From now on we assume, for convenience, that L is bounded above: there

exists C ∈ R such that

⟨Lx, x⟩ ⩽ C∥x∥2, x ∈ D(L).

Replacing L by L− CI reduces us to the case

⟨Lx, x⟩ ⩽ 0, x ∈ D(L),

which we will refer to as negative definite in this context.

Theorem 2.24 (Spectral theorem, simplified form). If L is self-adjoint on

H, then there exist a measure space (M, µ) and a unitary operator K : H →
L2(M, µ) such that

L = K−1MfLK,

where MfL is the multiplication operator

(MfLg)(m) = fL(m)g(m),

for some real-valued measurable function fL.

Using the spectral theorem, we may define a functional calculus for self-
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adjoint operators. For any bounded Borel function f : R → R, set

f(L) := K−1Mf◦fL K.

Then (fg)(L) = f(L)g(L) and

∥f(L)∥ = ∥f ◦ fL∥L∞(M,µ).

Remark (Semigroup generated by a self-adjoint operator). If L is self-adjoint

and ⟨Lx, x⟩ ⩽ 0, then S(t) := etL defines a C0-semigroup of contractions on H,

and

etL = K−1MetfLK.

Remark (Negative definiteness implies fL ⩽ 0). If ⟨Lx, x⟩ ⩽ 0 for all x ∈ D(L),

then fL(m) ⩽ 0 for µ-a.e. m. Indeed, for x ∈ D(L),

0 ⩾ ⟨Lx, x⟩ = ⟨KLx,Kx⟩ = ⟨MfLKx,Kx⟩ =
∫
M

fL(m) |Kx(m)|2 dµ(m),

which forces fL ⩽ 0 almost everywhere.

The next result shows that self-adjoint semigroups have a strong regularising

effect.

Theorem 2.25. Let L be self-adjoint and satisfy ⟨Lx, x⟩ ⩽ 0, and let S(t) = etL

be the generated semigroup. Then for every α > 0 and t > 0,

S(t)H ⊂ D
(
(1− L)α

)
,

and there exists Cα > 0 such that for every t > 0

∥(1− L)αS(t)∥ ⩽ Cα

(
1 + t−α

)
.

Proof. By the spectral theorem and functional calculus, and using fL ⩽ 0 a.e.,

∥(1− L)αS(t)∥ = ∥(1− fL)
αetfL∥L∞ = sup

λ⩾0
(1 + λ)αe−λt,

where we set λ := −fL ⩾ 0.

Choose Cα > 0 such that (1 + λ)α ⩽ Cα(1 + λα) for all λ ⩾ 0. Then

sup
λ⩾0

(1 + λ)αe−λt ⩽ Cα

(
sup
λ⩾0

e−λt + sup
λ⩾0

λαe−λt

)
.
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The first term is at most 1. For the second term,

sup
λ⩾0

λαe−λt = t−α sup
x⩾0

xαe−x ⩽ t−α ααe−α.

Combining these bounds yields ∥(1 − L)αS(t)∥ ⩽ C ′
α(1 + t−α). In particular,

for every x ∈ H we have (1− L)αS(t)x ∈ H, i.e. S(t)x ∈ D((1− L)α).

2.3 Analytic semigroups

An important class of C0-semigroups are those that extend to holomorphic semi-

groups in some sector of the complex plane. These semigroups arise naturally

when studying parabolic equations, and they have stronger regularising proper-

ties than general C0-semigroups.

Definition 2.26. Let S(t) be a C0-semigroup on a Banach space B. We say

that S is analytic of angle θ ∈ (0, π
2 ) if the following hold:

(i) Analytic extension: z 7→ S(z) is analytic on the sector

∆θ = {z ∈ C : | arg z| < θ}.

(ii) Semigroup law: S(z1 + z2) = S(z1)S(z2) for all z1, z2 ∈ ∆θ.

(iii) Rays are C0: For each φ with |φ| < θ,

Sφ(t) := S(eiφt), t > 0,

defines a C0-semigroup on B.

If θ is the largest angle for which these properties hold, we call θ the angle of

analyticity of S.

The next theorem shows that we can find a uniform bound for analytic

semigroups on smaller sectors.

Theorem 2.27 (Uniform bounds on rays). Let S be an analytic semigroup with

angle θ. Then, for every θ′ < θ, there exist constants M (θ′) , a (θ′) ⩾ 0 such

that

∥Sφ(t)∥ ⩽ M (θ′) ea(θ
′)t, ∀t ⩾ 0, |φ| ⩽ θ′.
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Proof. Fix θ′ < θ. For each t ⩾ 0 and |φ| ⩽ θ′, one can write

teiφ = t+e
iθ′

+ t−e
−iθ′

,

where

t± =
t

2

(
cosφ

cos θ′
± sinφ

sin θ′

)
.

There exists a constant C > 0 such that

t± ⩽
t

2

(
1

cos θ′
+ 1

)
⩽ Ct.

Now, since along the boundary rays the semigroups Sθ′ and S−θ′ are C0-

semigroups, there exist constants M±, a± ⩾ 0 such that

∥S±θ′(t)∥ ⩽ M±e
a±t, t ⩾ 0.

Thus, by the semigroup property,

∥Sφ(t)∥ = ∥Sθ′ (t+)S−θ′ (t−)∥

⩽ ∥Sθ′ (t+)∥ ∥S−θ′ (t−)∥

⩽ M+M−e
a+t++a−t−

⩽ M+M−e
C(a++a−)t

= M (θ′) ea(θ
′)t.

This proves the claim.

In fact, we can express the generator of analytic semigroups on each ray in

terms of the generator on the positive real axis.

The following theorem compute the generator of Sφ(t) in terms of the gen-

erator of S0(t).

Theorem 2.28. Let S be an analytic semigroup with angle θ and generator L.

Then, for |φ| < θ, the generator Lφ of Sφ satisfies

Lφ = eiφL.

Proof. In the following, we write Rφ
λ = (λ− Lφ)

−1
. For λ ∈ C with Re(λ)

sufficiently large, we have
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Rλx =

∫ ∞

0

e−λtS(t)xdt.

Fix |φ| < θ. Since the map z → e−λzS(z)x is analytic on ∆θ, we then

integrate it on the closed contour γ = γ1 + γ2 + γ3, where

γ1 : [0, s] → C, γ1(t) = t

γ2 : [0, φ] → C, γ2(t) = seit

γ3 : [0, s] → C, γ3(t) = eiφ(s− t)

By Cauchy theorem, we have fγf(z)dz = 0 and since, provided again that

Reλ is large enough, f(z) decays exponentially to 0 on γ2 as s → ∞, we can

deform the contour of integration to obtain

Rλx = eiφ
∫ ∞

0

e−λeiφt

S
(
eiφt

)
xdt

This shows that

Rλ = eiφRφ
λeiφ .

This is equivalent to

(λ− L)−1 = eiφ
(
λeiφ − Lφ

)−1
=
(
λ− e−iφLφ

)
,

thus showing that Lφ = eiφL as stated.

Similar to the case of general C0-semigroups, one can characterise the gen-

erators of analytic semigroups via resolvent bounds.

Theorem 2.29 (Hille-Yosida for analytic semigroups). A closed densely defined

operator L on B is the generator of an analytic semigroup if and only if there

exists θ ∈
(
0, π

2

)
and a ⩾ 0 such that the resolvent set of L contains the sector

Vθ,a = {a+ reiφ : r > 0, φ ∈
(
−π

2
− θ,

π

2
+ θ
)
}

and there exists M > 0 such that for every λ ∈ Vθ,a, the resolvent Rλ satisfies

the bound

∥Rλ∥ ⩽ Md
(
λ, V c

θ,a

)−1
.

Proof. The forward direction follows directly from Hille-Yosida of strongly con-

tinuous group and Theorem (2.28).

59



Conversely, We now assume the sectorial resolvent condition and construct

an analytic semigroup by a contour integral. Pick φ ∈ (0, θ) and b > a. Let γφ,b

be the curve oriented counterclockwise along the boundary of the sector Sφ,b

(as in the figure). For every w with | arg(w)| < φ, define

S(w) :=
1

2πi

∫
γφ,b

ewzRz dz.

By the assumed resolvent bound, for every z ∈ γφ,b,

∥Rz∥ ⩽
M

d(z, V c
θ,a)

⩽
M

b− a
=: M ′.

Parametrise γφ,b = γ+ − γ− by

γ± : z = b+ re±i(π
2 +φ), r ∈ [0,∞).

Since | arg(w)| < φ, one has Re(w e±i(π
2 +φ)) < 0, hence Re(wz) → −∞ linearly

in r along both rays. Therefore the integral defining S(w) converges absolutely

and defines a bounded operator. Moreover, the definition is independence of

the choice of b and φ.

We now prove it is an analytic semigroup. Pick w1, w2 with | arg(wi)| < φ
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and choose b2 > b1 > a. Then

S(w1)S(w2) =
1

(2πi)2

∫
γφ,b2

∫
γφ,b1

ew1z+w2z
′
RzRz′ dz dz′

=
1

(2πi)2

∫
γφ,b2

∫
γφ,b1

ew1z+w2z
′ Rz −Rz′

z′ − z
dz dz′,

where we used the resolvent identity RzRz′ = Rz−Rz′
z′−z . Splitting the integral,

we obtain

S(w1)S(w2) =
1

(2πi)2

∫
γφ,b1

ew1zRz

(∫
γφ,b2

ew2z
′

z′ − z
dz′

)
dz

− 1

(2πi)2

∫
γφ,b2

ew2z
′
Rz′

(∫
γφ,b1

ew1z

z′ − z
dz

)
dz′.

For fixed z ∈ γφ,b1 , we can close γφ,b2 to the right; since z lies strictly to the left

of γφ,b2 , the integrand has no pole inside and the inner integral equals 0. For

fixed z′ ∈ γφ,b2 , closing γφ,b1 to the right encloses the pole at z = z′, hence by

Cauchy’s integral formula,∫
γφ,b1

ew1z

z′ − z
dz = 2πi ew1z

′
.

Plugging these into the previous display yields

S(w1)S(w2) =
1

2πi

∫
γφ,b2

e(w1+w2)z
′
Rz′ dz′ = S(w1 + w2).

To prove the strong continuity on each ray, we fix |φ| < θ and pick b > a

and φ′ > |φ|. For t ⩾ 0 we have

Sφ(t)x = S(eiφt)x =
1

2πi

∫
γφ′,b

etzRzx dz.

Since the integrand is dominated by an integrable function independent of t in

a neighbourhood of t0. Hence, by dominated convergence,

lim
t→t0

Sφ(t)x =
1

2πi

∫
γφ′,b

lim
t→t0

etzRzx dz = Sφ(t0)x.

Thus Sφ is strongly continuous.
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Lastly, we show the generator of S is L. Let L̂ be the generator of the

constructed semigroup and denote its resolvent by R̂λ. We show that R̂λ = Rλ

for Reλ > a. Fix such a λ and choose b < Reλ. Then Re(z − λ) < 0 for all

z ∈ γφ,b, and we compute (for x ∈ B)

R̂λx =

∫ ∞

0

e−λtS(t)x dt =
1

2πi

∫ ∞

0

∫
γφ,b

et(z−λ)Rzx dz dt

=
1

2πi

∫
γφ,b

(∫ ∞

0

et(z−λ) dt

)
Rzx dz =

1

2πi

∫
γφ,b

Rzx

λ− z
dz,

where we used Fubini’s theorem (justified by the exponential decay in t and the

resolvent bound on γφ,b). Moreover, the integrand satisfies a decay estimate of

the form∥∥∥∥ Rz

λ− z

∥∥∥∥ ≲
1

|z|
· 1

|λ− z|
∼ 1

|z|2
as |z| → ∞ along the contour,

so we may add a large semicircle on the right and apply the residue theorem to

enclose the simple pole at z = λ. This yields

R̂λx = Rλx.

Therefore L̂ = L, and the proof is complete.

Using the Hille-Yosida theorem for analytic semigroups, we can now test

whether specific differential operators generate analytic semigroups. The first

example is the translation operator, which does not generate an analytic semi-

group, while the second example is the heat operator, which does generate an

analytic semigroup.

Example 2.30. Let L = d
dx on L2(R) with domain D(L) = H1(R). Then L

cannot be the generator of an analytic semigroup.

We claim that σ(L) = iR. To see this, consider the operator

L0 = −i
d

dx
on L2(R), D(L0) = H1(R).

We first show that L0 is self-adjoint. For f, g ∈ C∞
c (R), integration by parts
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yields

⟨L0f, g⟩ =
∫
R
−if ′(x) g(x) dx

=

∫
R
f(x)−ig′(x) dx = ⟨f, L0g⟩ .

Since C∞
c (R) is dense in H1(R), the identity extends to all f, g ∈ H1(R), so

L0 is symmetric. In particular, σ(L0) ⊂ R.

Next, fix λ ∈ R and we show that λ ∈ σ(L0). Arguing by contradiction,

assume that (λI − L0)
−1 exists and is bounded. Pick a nonzero f ∈ C∞

c (R)

and, for each k ∈ N, define

gk(x) =
1√
k
eiλx f

(
k−1x

)
.

Then gk ∈ H1(R) and ∥gk∥ = ∥f∥ for all k, since

∥gk∥2 =

∫
R
|gk(x)|2 dx =

∫
R

1

k

∣∣f(k−1x
)∣∣2 dx

=

∫
R
|f(y)|2 dy = ∥f∥2.

Moreover,

(L0 − λI)gk(x) = − i

k3/2
eiλxf ′(k−1x

)
,

so ∥(L0 − λI)gk∥ = k−1∥f ′∥. Hence,

∥f∥ = ∥gk∥ =
∥∥(L0 − λI)−1(L0 − λI)gk

∥∥
⩽ ∥(L0 − λI)−1∥ ∥(L0 − λI)gk∥ = k−1∥(L0 − λI)−1∥ ∥f ′∥.

Letting k → ∞ forces ∥f∥ = 0, a contradiction. Therefore λ ∈ σ(L0) for every

λ ∈ R, and thus σ(L0) = R. Since L = iL0, we obtain σ(L) = iR.

Since σ(L) = iR, the resolvent set ρ(L) cannot contain any sector

Va,θ := {a+ reiφ : r > 0, |φ| < π
2 + θ}, θ ∈

(
0,

π

2

)
,

based at some a ⩾ 0. By the analytic Hille-Yosida theorem, L cannot be the

generator of an analytic semigroup.

Example 2.31. Let L = d2

dx2 on L2(R) with domain D(L) = H2(R). Then L

is the generator of an analytic semigroup.
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We first note that for f, g ∈ C∞
c (R), integration by parts gives

⟨Lf, g⟩ =
∫
R
f ′′(x) g(x) dx

= −
∫
R
f ′(x) g′(x) dx =

∫
R
f(x) g′′(x) dx = ⟨f, Lg⟩ .

Since C∞
c (R) is dense in H2(R), the identity extends to all f, g ∈ H2(R), so L

is self-adjoint. Moreover, L is negative definite: for every f ∈ H2(R),

⟨Lf, f⟩ =
∫
R
f ′′(x) f(x) dx = −

∫
R
|f ′(x)|2 dx ⩽ 0.

Hence σ(L) ⊂ (−∞, 0], so the resolvent set ρ(L) contains C \ (−∞, 0], in par-

ticular the sector V0,π/2.

Finally, for every λ ∈ C \ (−∞, 0], we claim that

∥Rλ∥ ⩽
1

d(λ, (−∞, 0])
.

Fix u ∈ D(L) with u ̸= 0. Then

∣∣⟨(λI − L)u, u⟩
∣∣ = ∣∣⟨λu, u⟩ − ⟨Lu, u⟩

∣∣ = ∣∣λ∥u∥2 + ∥u′∥2
∣∣

= ∥u∥2 |λ+ a|,

where a := ∥u′∥2/∥u∥2 ⩾ 0. By Cauchy-Schwarz,

∥(λI − L)u∥ ∥u∥ ⩾
∣∣⟨(λI − L)u, u⟩

∣∣ = ∥u∥2 |λ+ a|

⩾ ∥u∥2 inf
b⩾0

|λ+ b| = ∥u∥2 d(λ, (−∞, 0]).

Dividing by ∥u∥ yields

∥(λI − L)u∥ ⩾ d(λ, (−∞, 0]) ∥u∥,

and taking the supremum over u ̸= 0 shows

∥Rλ∥ ⩽
1

d(λ, (−∞, 0])
.

Therefore, by the analytic Hille-Yosida theorem, L generates an analytic semi-

group (the heat semigroup).
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The next theorem shows that perturbing the generator of an analytic semi-

group by a sufficiently small operator still yields the generator of an analytic

semigroup.

Theorem 2.32 (Perturbation of analytic semigroup generators). Let L0 be the

generator of an analytic semigroup, and let P : D(P ) → B be a linear operator

(the perturbation) such that:

(i) D(P ) contains D(L0).

(ii) For every ε > 0 there exists Cε > 0 such that

∥Px∥ ⩽ ε∥L0x∥+ Cε∥x∥, ∀x ∈ D(L0).

Then the operator L := L0+P with domain D(L) = D(L0) is also the generator

of an analytic semigroup.

Proof. By the Hille-Yosida theorem for analytic semigroups, there exist a0 ⩾ 0

and θ0 ∈
(
0, π

2

)
such that the resolvent set ρ(L0) contains the sector Va0,θ0 .

Moreover, there exists M > 0 such that for every λ ∈ Va0,θ0 ,

∥R0
λ∥ ⩽

M

d(λ, V c
θ0,a0

)
,

where R0
λ := (λI − L0)

−1.

Fix λ ∈ Va0,θ0 . Since R0
λ is bounded and maps B into D(L0), for any y ∈ B

we look for x ∈ D(L0) solving

(λI − L)x = y.

Writing x = R0
λz for some z ∈ B, we obtain

(λI − L)R0
λz = y,

(λI − L0 − P )R0
λz = y,

z − PR0
λz = y,

(I − PR0
λ)z = y.

We claim that there exist a ⩾ a0, θ ∈ (0, θ0), and a constant c ∈ [0, 1) such

that for every λ ∈ Va,θ,

∥PR0
λ∥ ⩽ c < 1.

65



Assume the claim for the moment. Then for λ ∈ Va,θ, the operator I −PR0
λ

is invertible and

(I − PR0
λ)

−1 =

∞∑
k=0

(PR0
λ)

k, ∥(I − PR0
λ)

−1∥ ⩽
1

1− c
.

Thus z = (I − PR0
λ)

−1y and x = R0
λz solve (λI − L)x = y, so λ ∈ ρ(L) and

∥Rλy∥ = ∥x∥ = ∥R0
λ(I − PR0

λ)
−1y∥

⩽
∥R0

λ∥
1− c

∥y∥ ⩽
M ′

d(λ, V c
θ0,a0

)
∥y∥ ⩽

M ′′

d(λ, V c
θ,a)

∥y∥.

Therefore,

∥Rλ∥ ⩽
M ′′

d(λ, V c
θ,a)

,

and by the Hille-Yosida theorem for analytic semigroups, L generates an analytic

semigroup.

It remains to prove the claim. By the assumption on P , for every ε > 0 and

every x ∈ D(L0),

∥Px∥ ⩽ ε∥L0x∥+ Cε∥x∥.

Apply this with x = R0
λy and take the operator norm to obtain

∥PR0
λ∥ ⩽ ε∥L0R

0
λ∥+ Cε∥R0

λ∥.

Using L0R
0
λ = λR0

λ − I, we get

∥L0R
0
λ∥ ⩽ |λ| ∥R0

λ∥+ 1,

hence

∥PR0
λ∥ ⩽ ε

(
|λ|∥R0

λ∥+ 1
)
+ Cε∥R0

λ∥ ⩽ ε+
M(ε|λ|+ Cε)

d(λ, V c
θ0,a0

)
.

Now choose θ ∈ (0, θ0) and then a large enough so that there exists a constant

C ′ > 0 with

d(λ, V c
θ0,a0

) ⩾ C ′|λ| for all λ ∈ Va,θ.

Fix ε > 0 small enough so that ε < 1
4 and ε

C′ < 1
4M , and then choose a large

enough so that

d(λ, V c
θ0,a0

) > 4MCε for all λ ∈ Va,θ.
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With these choices, for every λ ∈ Va,θ,

∥PR0
λ∥ ⩽ ε+

Mε|λ|
d(λ, V c

θ0,a0
)
+

MCε

d(λ, V c
θ0,a0

)
⩽

1

4
+

1

4
+

1

4
=

3

4
< 1.

This proves the claim.

As a consequence of the perturbation theorem, we obtain the following ex-

ample.

Theorem 2.33. Let f ∈ L∞(R). Then the operator

(Lg)(x) = g′′(x) + f(x)g′(x)

on L2(R), with domain D(L) = H2(R), is the generator of an analytic semi-

group.

Proof. Let L0 = d2

dx2 , which is the generator of an analytic semigroup. Define

Pg := fg′ for g ∈ H2(R), so that L = L0 + P .

For g ∈ H2(R),

∥Pg∥2 =

∫
R

|f(x)|2 |g′(x)|2 dx ⩽ ∥f∥2L∞

∫
R

|g′(x)|2 dx

= −∥f∥2L∞ ⟨g, g′′⟩ ⩽ ∥f∥2L∞ ∥g∥ ∥g′′∥ = ∥f∥2L∞ ∥g∥ ∥L0g∥.

Using 2xy ⩽ εx2 + y2/ε for ε > 0, we obtain

∥Pg∥ ⩽ ε∥L0g∥+
∥f∥2L∞

4ε
∥g∥.

Thus P satisfies the assumptions of the perturbation theorem, and therefore L

is also the generator of an analytic semigroup.

2.4 Interpolation Spaces

Let L be the generator of an analytic semigroup {S(t)}t⩾0. In this section, we

assume that there exist constants M ⩾ 1 and a > 0 such that

∥S(t)∥ ⩽ Me−at, t ⩾ 0.

Under this assumption, the Hille-Yosida theorem implies that 0 ∈ ρ(L). In

particular, L−1 is well-defined and bounded.

67



Definition 2.34. For α > 0, we define the negative fractional power of −L

by

(−L)−α =
1

Γ(α)

∫ ∞

0

tα−1S(t) dt,

where the integral is a Bochner integral in B.

By the assumed decay of S(t), the integral converges and defines a bounded

operator for every α > 0. Indeed,

∥(−L)−α∥ ⩽
1

Γ(α)

∫ ∞

0

tα−1∥S(t)∥ dt

⩽
M

Γ(α)

∫ ∞

0

tα−1e−at dt

=
M

Γ(α)aα

∫ ∞

0

uα−1e−u du

=
M

aα
.

The next theorem shows that these operators satisfy the usual algebraic rule

for exponents.

Theorem 2.35. For every α, β > 0,

(−L)−α(−L)−β = (−L)−(α+β).

Proof. By definition,

(−L)−α(−L)−β =
1

Γ(α)Γ(β)

∫ ∞

0

∫ ∞

0

tα−1sβ−1S(t)S(s) dt ds

=
1

Γ(α)Γ(β)

∫ ∞

0

∫ ∞

0

tα−1sβ−1S(t+ s) dt ds,

where we used the semigroup property. Setting u = t + s and integrating first
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over t ∈ (0, u) gives

(−L)−α(−L)−β =
1

Γ(α)Γ(β)

∫ ∞

0

(∫ u

0

tα−1(u− t)β−1 dt

)
S(u) du

=
1

Γ(α)Γ(β)

∫ ∞

0

uα+β−1

(∫ 1

0

rα−1(1− r)β−1 dr

)
S(u) du

=
B(α, β)

Γ(α)Γ(β)

∫ ∞

0

uα+β−1S(u) du

=
1

Γ(α+ β)

∫ ∞

0

uα+β−1S(u) du = (−L)−(α+β),

since B(α, β) = Γ(α)Γ(β)/Γ(α+ β).

Corollary 2.36. For every α > 0, the operator (−L)−α is injective.

Proof. Fix α > 0 and choose an integer n > α. By Theorem 2.35,

(−L)−n = (−L)−(n−α)(−L)−α.

If (−L)−αx = 0, then (−L)−nx = 0. On the other hand, since 0 ∈ ρ(L), we

have −L invertible and therefore (−L)−1 is injective, which implies (−L)−n is

injective. Hence x = 0, proving that (−L)−α is injective.

Using injectivity, we define positive fractional powers by inversion:

(−L)α :=
(
(−L)−α

)−1
, D((−L)α) = Range((−L)−α).

Remark. This definition agrees with the usual integer powers. For instance, we

have (−L)1 = −L. Indeed, since S decays exponentially, the Laplace formula

at λ = 0 yields

(−L)−1 =

∫ ∞

0

S(t) dt = R0,

so taking inverses gives (−L)1 = −L.

We can now define the interpolation spaces associated with L.

Definition 2.37. For α > 0, we define the interpolation space Bα :=

D((−L)α) equipped with the norm

∥x∥α := ∥(−L)αx∥B.
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Similarly, define B−α as the completion of B with respect to the norm

∥x∥−α := ∥(−L)−αx∥B.

The next proposition records a basic monotonicity property of these spaces.

Theorem 2.38. If α ⩾ β, then

Bα ⊂ Bβ ,

regardless of the signs of α and β.

Proof. Let us proof it by 3 cases. The first case is when α ⩾ β ⩾ 0. In this

case,

(−L)−α = (−L)−β(−L)β−α,

so

Range((−L)−α) ⊂ Range((−L)−β),

which is exactly Bα ⊂ Bβ .

The second case is when 0 ⩾ α ⩾ β. Here,

(−L)β = (−L)β−α(−L)α.

Since (−L)β−α is bounded, there exists C > 0 such that

∥x∥β = ∥(−L)βx∥ ⩽ C∥(−L)αx∥ = C∥x∥α.

Thus the identity map on B is continuous from (B, ∥ · ∥α) into (B, ∥ · ∥β), and it

extends by continuity to the completions. Hence Bα ↪→ Bβ .

The last case is when α ⩾ 0 ⩾ β. This follows from Bα ⊂ B0 = B ⊂ Bβ .

This completes the proof.

The next proposition gives another useful representation of (−L)α for α ∈
(0, 1). It has several important corollaries.

Theorem 2.39. Let α ∈ (0, 1) and x ∈ D(L). Then

(−L)αx =
sin(πα)

π

∫ ∞

0

tα−1Rt(−L)x dt, (2.4)

where Rt = (tI − L)−1.
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Proof. Denote the right-hand side by

Aαx :=
sin(πα)

π

∫ ∞

0

tα−1Rt(−L)x dt.

We show that Aα(−L)−αx = x for every x ∈ D(L).

Using the Laplace representation Rt =
∫∞
0

e−tuS(u) du, we obtain

Aαx =
sin(πα)

π

∫ ∞

0

tα−1

(∫ ∞

0

e−tuS(u) du

)
(−L)x dt

=
sin(πα)

π

∫ ∞

0

(∫ ∞

0

tα−1e−tu dt

)
S(u)(−L)x du

=
sin(πα)Γ(α)

π

∫ ∞

0

u−αS(u)(−L)x du.

Now plug in the definition

(−L)−αx =
1

Γ(α)

∫ ∞

0

vα−1S(v)x dv

to get

Aα(−L)−αx =
sin(πα)

π

∫ ∞

0

∫ ∞

0

vα−1u−αS(u+ v)(−L)x du dv.

Make the change of variables r = u+ v and w = v/(u+ v) (so u = r(1−w) and

v = rw). Then

Aα(−L)−αx =
sin(πα)

π

∫ ∞

0

∫ 1

0

(rw)α−1 [r(1− w)]−α (−L)S(r)x r dw dr

=
sin(πα)

π

(∫ 1

0

wα−1(1− w)−α dw

)∫ ∞

0

(−L)S(r)x dr

=
sin(πα)

π
B(α, 1− α)

∫ ∞

0

(−L)S(r)x dr

=
sin(πα)Γ(α)Γ(1− α)

π

∫ ∞

0

(−L)S(r)x dr.

Using Γ(α)Γ(1− α) = π/ sin(πα), this becomes

Aα(−L)−αx =

∫ ∞

0

(−L)S(r)x dr.

Finally, since ∂tS(t)x = LS(t)x for x ∈ D(L), the fundamental theorem of
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calculus yields ∫ T

0

(−L)S(r)x dr = x− S(T )x.

Letting T → ∞ and we then have S(T )x → 0. This proves the identity.

The following corollary gives a useful bound on (−L)α.

Corollary 2.40. For every α ∈ (0, 1) there exists Cα > 0 such that

∥(−L)αx∥ ⩽ Cα∥Lx∥α∥x∥1−α, x ∈ D(L).

Proof. Split the integral in (2.4) at K > 0:

(−L)αx =
sin(πα)

π

∫ K

0

tα−1Rt(−L)x dt+
sin(πα)

π

∫ ∞

K

tα−1Rt(−L)x dt.

We use the bound

∥Rt∥ =

∥∥∥∥∫ ∞

0

e−tsS(s) ds

∥∥∥∥ ⩽
∫ ∞

0

e−tsMe−as ds ⩽
M

t
, t > 0.

For the first integral, note that Rt(−L) = tRt − I, so

∥Rt(−L)x∥ ⩽ (1 + t∥Rt∥)∥x∥ ⩽ (1 +M)∥x∥.

Therefore,∥∥∥∥∥
∫ K

0

tα−1Rt(−L)x dt

∥∥∥∥∥ ⩽ (1 +M)

∫ K

0

tα−1 dt ∥x∥ =
1 +M

α
Kα∥x∥.

For the second integral, we simply use ∥Rt(−L)x∥ ⩽ ∥Rt∥ ∥Lx∥ ⩽ (M/t)∥Lx∥
to get ∥∥∥∥∫ ∞

K

tα−1Rt(−L)x dt

∥∥∥∥ ⩽ M

∫ ∞

K

tα−2 dt ∥Lx∥ =
M

1− α
Kα−1∥Lx∥.

Combining these estimates,

∥(−L)αx∥ ⩽ Cα

(
Kα∥x∥+Kα−1∥Lx∥

)
,
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for a constant Cα depending only on α and M . Choosing

K =
1− α

α

∥Lx∥
∥x∥

yields the desired bound.

The next theorem uses Corollary 2.40 to obtain a more concrete perturbation

result.

Theorem 2.41. Let L0 be the generator of an analytic semigroup {S0(t)}t⩾0.

Let P be a linear operator on B such that there exists α ∈ [0, 1) with

(i) Bα ⊂ D(P ),

(ii) P is bounded from Bα into B.

Then L := L0 + P is also the generator of an analytic semigroup {S(t)}t⩾0.

Moreover, for every x ∈ B,

S(t)x = S0(t)x+

∫ t

0

S0(t− s)P S(s)x ds.

Proof. By (ii), there exists C > 0 such that for every x ∈ Bα,

∥Px∥ ⩽ C∥x∥α.

By Corollary 2.40 (applied to L0), we also have

∥Px∥ ⩽ Cα∥L0x∥α∥x∥1−α, x ∈ D(L0).

Fix ε > 0. Young’s inequality with p = 1/α and q = 1/(1− α) yields

∥L0x∥α∥x∥1−α ⩽ αε∥L0x∥+ (1− α)ε−
α

1−α ∥x∥.

Therefore,

∥Px∥ ⩽ Cα

(
αε∥L0x∥+ (1− α)ε−

α
1−α ∥x∥

)
, x ∈ D(L0),

so P satisfies the assumptions of the perturbation theorem. Hence L = L0 + P

generates an analytic semigroup S(t).

Define

Φ(t)x := S0(t)x+

∫ t

0

S0(t− s)P S(s)x ds.
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We show that Φ has the same Laplace transform as S, which implies Φ(t) = S(t)

by uniqueness of the resolvent.

Let Reλ be sufficiently large. Using Fubini and the semigroup property,∫ ∞

0

∫ t

0

e−λtS0(t− s)PS(s)x ds dt =

∫ ∞

0

∫ ∞

s

e−λtS0(t− s) dt PS(s)x ds

=

∫ ∞

0

∫ ∞

0

e−λ(u+s)S0(u) duPS(s)x ds

= R0
λ

∫ ∞

0

e−λsPS(s)x ds = R0
λPRλx,

whereR0
λ = (λI−L0)

−1 andRλ = (λI−L)−1. Combining this with
∫∞
0

e−λtS0(t)x dt =

R0
λx, we obtain ∫ ∞

0

e−λtΦ(t)x dt = R0
λx+R0

λPRλx

= R0
λ

(
(λI − L0)Rλ + PRλ

)
x

= R0
λ(λI − L0 − P )Rλx

= R0
λ(λI − L)Rλx

= Rλx.

Thus the Laplace transform of Φ equals the resolvent of L, so Φ(t) = S(t).

In Theorem 2.8, we proved that the semigroup {S(t)}t⩾0 leaves the domain

of L invariant and that

LS(t) = S(t)L, t ⩾ 0.

In fact, this commutativity extends to the fractional powers of −L. We now

show that S(t) leaves the interpolation spaces Bα = D((−L)α) invariant for

every α > 0.

Theorem 2.42. For every t > 0 and every α ∈ R, one has

(−L)αS(t) = S(t)(−L)α.

In particular, S(t)Bα ⊂ Bα for every α > 0.
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Proof. For λ with Reλ sufficiently large, we have the Laplace representation

Rλ =

∫ ∞

0

e−λsS(s) ds,

so S(t)Rλ = RλS(t) for every t ⩾ 0.

Assume first that 0 < α < 1. Using the representation proved earlier,

(−L)αx =
sin(πα)

π

∫ ∞

0

tα−1Rt(−L)x dt,

and the commutation S(t)Rt = RtS(t), we obtain

S(t)(−L)αx = (−L)αS(t)x.

If α = n ⩾ 0 is an integer, then S(t)D(L) ⊂ D(L) and LS(t) = S(t)L, hence

(−L)nS(t)x = S(t)(−L)nx.

If α = −n with n ∈ N, then by the definition of negative powers,

S(t)(−L)−nx =
1

Γ(n)
S(t)

∫ ∞

0

sn−1S(s)x ds

=
1

Γ(n)

∫ ∞

0

sn−1S(t+ s)x ds

=
1

Γ(n)

∫ ∞

0

sn−1S(s)S(t)x ds

= (−L)−nS(t)x.

For general α ∈ R, write α = m+ β with m ∈ Z and β ∈ (0, 1). Then

(−L)αS(t)x = (−L)m(−L)βS(t)x = (−L)mS(t)(−L)βx = S(t)(−L)αx.

Thus commutativity holds for all α ∈ R.
Finally, for α > 0 we have Bα = Ran((−L)−α). The identity

S(t)(−L)−αx = (−L)−αS(t)x

shows that S(t)Bα ⊂ Bα.

One of the most important properties of analytic semigroups is their smooth-
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ing effect.

Theorem 2.43. For every α > 0, the operator S(t) maps B into Bα. Moreover,

there exists a constant Cα such that

∥(−L)αS(t)∥ ⩽
Cα

tα
, t ∈ (0, 1].

Proof. We first consider the case α = k ∈ N. From the contour representation

of analytic semigroups, for every φ ∈ (0, θ) and b > 0,

S(t)x =
1

2πi

∫
γφ,b

etzRzx dz.

Applying L and using LRz = (zRz − I) gives

LS(t)x =
1

2πi

∫
γφ,b

etzLRzx dz

=
1

2πi

∫
γφ,b

etz(zRz − I)x dz

=
1

2πi

∫
γφ,b

zetzRzx dz −
1

2πi

∫
γφ,b

etzx dz.

Closing the contour to the left half-plane shows that the second integral vanishes,

hence

LS(t)x =
1

2πi

∫
γφ,b

zetzRzx dz.

Iterating k times yields

LkS(t)x =
1

2πi

∫
γφ,b

zketzRzx dz.

Parametrize γφ,b = γ+ − γ− by

γ±(r) = b+ re±i(π/2+φ), r ∈ [0,∞).
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Then there exist constants ci > 0 such that

∥LkS(t)x∥ ⩽ c1

∫ ∞

0

|γ+(r)|ketRe(γ+(r))∥Rγ+(r)∥ ∥x∥ dr

⩽ c2

∫ ∞

0

(1 + r)ke−c3tr
1

1 + r
dr ∥x∥

= c2

∫ ∞

0

(1 + r)k−1e−c3tr dr ∥x∥.

Integrating by parts k − 1 times gives

∥LkS(t)x∥ ⩽
c4
tk
∥x∥,

as required.

Now let α > 0 be non-integer and write

(−L)α = (−L)α−m(−L)m, m := ⌊α⌋+ 1,

so that α − m ∈ (−1, 0). Set α′ := α − m ∈ (−1, 0). Using the definition of

negative powers and the semigroup property,

∥(−L)αS(t)x∥ = ∥(−L)α
′
(−L)mS(t)x∥

=

∥∥∥∥ 1

Γ(−α′)

∫ ∞

0

s−α′−1S(s)(−L)mS(t)x ds

∥∥∥∥
=

∥∥∥∥ 1

Γ(−α′)

∫ ∞

0

s−α′−1(−L)mS(t+ s)x ds

∥∥∥∥
⩽ C

∫ ∞

0

s−α′−1 1

(t+ s)m
ds ∥x∥.

With the change of variables s = ut,

∥(−L)αS(t)x∥ ⩽ Ct−α

(∫ ∞

0

u−α′−1

(1 + u)m
du

)
∥x∥ ⩽ Cαt

−α∥x∥.

This completes the proof.

We now record some useful corollaries.

Corollary 2.44. For every α, β ∈ R and every t > 0, the operator S(t) maps

Bα into Bβ. Moreover, if β > α, then there exists Cα,β > 0 such that

∥S(t)x∥β ⩽ Cα,β t
α−β∥x∥α, t ∈ (0, 1].
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Proof. Assume β > α. Then

∥S(t)x∥β = ∥(−L)βS(t)x∥ = ∥(−L)β−αS(t)(−L)αx∥

⩽ ∥(−L)β−αS(t)∥ ∥x∥α ⩽
Cα,β

tβ−α
∥x∥α.

If β ⩽ α, then for x ∈ Bα,

∥S(t)x∥β = ∥(−L)β−αS(t)(−L)αx∥,

and both (−L)β−α and S(t) are bounded in this case, so S(t) : Bα → Bβ is

bounded.

Corollary 2.45. For every α ∈ R and every β ∈ [α, α+1) there exists Cα,β > 0

such that

∥Rtx∥β ⩽ Cα,β(1 + t)β−α−1∥x∥α, t > 0.

Proof. Using the Laplace representation of Rt,

∥Rtx∥β ⩽
∫ ∞

0

e−ts∥S(s)x∥β ds

⩽ C

∫ ∞

0

e−ts∥(−L)β−αS(s)∥ ds ∥x∥α.

By Theorem 2.43, ∥(−L)β−αS(s)∥ ⩽ Cα,βs
α−β for s ∈ (0, 1]. For t ⩾ 1,∫ ∞

0

e−ts∥(−L)β−αS(s)∥ ds ⩽ Cα,β

∫ 1

0

e−tssα−β ds

⩽ Cα,βΓ(β − α+ 1) tβ−α−1 ⩽ Cα,β(1 + t)β−α−1.

If 0 ⩽ t < 1, split the integral into
∫ 1

0
+
∫∞
1

. The second part is handled as

above. For the first part,∫ 1

0

e−ts∥(−L)β−αS(s)∥ ds ⩽ Cα,β

∫ 1

0

sα−β ds =
Cα,β

β − α+ 1
⩽ Cα,β(1+t)β−α−1.

This proves the claim.

Corollary 2.46. Let S be an analytic semigroup with generator L on a Banach

space B. Then for every α ∈ (0, 1) there exists Cα > 0 such that

∥S(t)x− x∥ ⩽ Cαt
α∥x∥Bα

, x ∈ Bα, t ∈ (0, 1].
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Proof. It suffices to prove the estimate for x ∈ D(L), since D(L) is dense in Bα.

For x ∈ D(L), we have ∂tS(t)x = LS(t)x = S(t)Lx, hence

∥S(t)x− x∥ =

∥∥∥∥∫ t

0

S(s)Lxds

∥∥∥∥ =

∥∥∥∥∫ t

0

(−L)1−αS(s)(−L)αx ds

∥∥∥∥
⩽ C

∫ t

0

∥(−L)1−αS(s)∥ ds ∥x∥α ⩽ C

∫ t

0

sα−1 ds ∥x∥α = Ctα∥x∥α.

The final theorem shows that, under suitable assumptions, perturbations

preserve the interpolation spaces for γ ∈ [0, 1]. We only sketch the proof.

Theorem 2.47. Let L0 be the generator of an analytic semigroup on B and de-

note by B0
γ the corresponding interpolation spaces. Let B be a bounded operator

from B0
α to B for some α ∈ [0, 1). Let Bγ be the interpolation spaces associated

with L = L0 +B. Then

Bγ = B0
γ for every γ ∈ [0, 1].

Proof. For γ = 0 we have B0 = B0
0 = B. For γ = 1 we have B1 = D(L) and

B0
1 = D(L0), which coincide.

For γ ∈ (0, 1), one shows that there exist constants C1, C2 > 0 such that

C1∥(−L0)
γx∥ ⩽ ∥(−L)γx∥ ⩽ C2∥(−L0)

γx∥.

We use the following estimate (stated without proof): for every γ ∈ (0, 1) and

t > 0 there exists C > 0 such that

∥BRtx∥ ⩽ C(1 + t)α−γ−1∥x∥B0
γ
.

We also use the resolvent identity

Rt = R0
t +RtBR0

t .

Applying L and rearranging gives an expression for LRt in terms of L0R
0
t and

BRt. Combining this with the representation formula for fractional powers

yields

∥x∥Bγ
⩽ C∥x∥B0

γ
+ C

∫ ∞

0

tγ−1∥BRtx∥ dt.
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The integral converges by the stated estimate, giving ∥x∥Bγ ⩽ C∥x∥B0
γ
.

The reverse inequality is obtained similarly, after writing Rt = Rt+K +

KRt+KRt for K > 0, estimating
∫∞
0

tγ−1∥BRtx∥ dt, and choosing K large

enough to absorb a term into the left-hand side.
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3 Linear SPDEs

In this section, we would like to solve the following linear SPDE:

dX = LXdt+QdW (t), X(0) = x0, (3.1)

where X(t) : Ω → B is a stochastic process, L : D(L) → B is the generator of

a C0-semigroup on B, W is a cylindrical Wiener process on a Hilbert space K;

and Q : K → B is a bounded linear operator.

There are two types of solutions we can consider for the above equation.

The first one comes from the notion of weak solutions for PDEs.

Definition 3.1. A B-valued process x(t) is said to be a weak solution to (3.1)

if, for every t > 0,
∫ t

0
∥x(s)∥ds < ∞ almost surely and the identity

⟨ℓ, x(t)⟩ = ⟨ℓ, x0⟩+
∫ t

0

⟨L∗ℓ, x(s)⟩ ds+
∫ t

0

⟨Q∗ℓ, dW (s)⟩

holds almost surely for every ℓ ∈ D (L∗).

The second notion is the mild solution.

Definition 3.2. Suppose that there exists a B-valued process x(t) such that,

for every t > 0, the identity

x(t) = S(t)x0 +

∫ t

0

S(t− s)QdW (s)

holds almost surely (in the sense that it holds when testing against any ℓ ∈ B∗

). Then x is said to be the mild solution to (3.1).

We will need the following approximation lemma for the proof of next result.

Lemma 3.3 (Approximation Lemma). For φ ∈ C1([0, t],R) and ℓ ∈ D
(
L†),

define

φℓ(s) = φ(s)ℓ.

Then every element in

E def
= C

(
[0, t],D

(
L†)) ∩ C1

(
[0, t],B†)

can be approximated uniformly by linear combinations of functions of the form

φℓ.
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The next theorem shows the equivalence between the two notions of solu-

tions.

Theorem 3.4. If the mild solution is almost surely integrable, then it is also a

weak solution. Conversely, every weak solution is a mild solution.

Proof. First of all, we notice that if y(t) with y(0) = 0 is a mild solution(or

weak solution) to the (3.1), then x(t) = S(t)x0 + y(t) is also a mild solution(or

weak solution) with initial condition x0. Therefore, without loss of generality,

we can assume that x0 = 0.

Suppose now that x(t) with x(0) = 0 is a mild solution to (3.1) and is almost

surely integrable. Pick any ℓ ∈ D(L†), and apply L∗ℓ to both sides, we have

⟨L∗ℓ, x(s)⟩ =
∫ s

0

⟨L∗ℓ, S(s− r)QdW (r)⟩ .

Integrate both sides from 0 to t, we have∫ t

0

⟨L∗ℓ, x(s)⟩ ds =
∫ t

0

∫ s

0

⟨L∗ℓ, S(s− r)QdW (r)⟩ ds

By Fubini’s theorem, instead of integrating over the region {(r, s) : 0 ⩽ r ⩽

s ⩽ t}, we can integrate over the region {(r, s) : 0 ⩽ r ⩽ t, r ⩽ s ⩽ t}, we have∫ t

0

⟨L∗ℓ, x(s)⟩ ds =
∫ t

0

〈∫ t

r

S∗(s− r)L∗ℓds,QdW (r)

〉
Now, since we have ∂sS

∗(s− r)ℓ = L∗S∗(s− r)ℓ, the right hand side becomes∫ t

0

⟨S∗(t− r)ℓ,QdW (r)⟩ −
∫ t

0

⟨ℓ,QdW (r)⟩

= ⟨ℓ,
∫ t

0

S(t− r)QdW (r)⟩ −
∫ t

0

⟨ℓ,QdW (r)⟩

= ⟨ℓ, x(t)⟩ −
∫ t

0

⟨ℓ,QdW (r)⟩ .

Combine all the things together, we have for every ℓ ∈ D(L†),

⟨ℓ, x(t)⟩ =
∫ t

0

⟨L∗ℓ, x(s)⟩ ds+
∫ t

0

⟨ℓ,QdW (r)⟩ ,

this shows that the mild solution is also a weak solution.

Conversely, suppose that x(t) with x(0) = 0 is a weak solution to (3.1). Pick
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any ℓ ∈ D(L†) and some time t > 0. Define the function f : [0, t] → B∗ by

f(s) = S∗(t− s)ℓ.

Since we have S∗D(L†) ⊂ D(L†) and ∂sS
∗(t − s)ℓ = −L∗S∗(t − s)ℓ, we have

f(s) in the set

E=C
(
[0, t],D

(
L†)) ∩ C1

(
[0, t],B†) .

We claim that for every f in E , we have identity

⟨f(t), x(t)⟩ =
∫ t

0

〈
ḟ(s) + L∗f(s), x(s)

〉
ds+

∫ t

0

⟨f(s), QdW (s)⟩.

In particular, taking f(s) = S∗(t− s)ℓ, we have

⟨ℓ, x(t)⟩ =
∫ t

0

⟨ℓ, S(t− s)QdW (s)⟩ .

Since D(L†) is dense in B∗, this shows that x(t) is a mild solution to (3.1).

By Lemma 3.3, it suffices to prove the claim for f = φℓ. Now, since we have

x(t) is a weak solution, we have

d⟨ℓ, x(s)⟩ = ⟨L∗ℓ, x(s)⟩ ds+ ⟨Q∗ℓ, dW (s)⟩ .

Now, by Itô’s product rule, we have

d(φ(s)⟨ℓ, x(s)⟩) = φ̇(s)⟨ℓ, x(s)⟩ds+ φ(s)⟨L∗ℓ, x(s)⟩ds+ φ(s) ⟨Q∗ℓ, dW (s)⟩ .

Integrate both sides from 0 to t, we have

⟨φ(t)ℓ, x(t)⟩ =
∫ t

0

φ̇(s)⟨ℓ, x(s)⟩ds+
∫ t

0

φ(s)⟨L∗ℓ, x(s)⟩ds+
∫ t

0

φ(s) ⟨Q∗ℓ, dW (s)⟩

=

∫ t

0

⟨φ̇(s)ℓ+ L∗φ(s)ℓ, x(s)⟩ ds+
∫ t

0

⟨φ(s)ℓ,QdW (s)⟩ .

This is exactly what we want. This completes the proof.

3.1 Space-time regularity of solutions

In this section, we study the regularity of the solutions to the linear SPDEs.

We will prove that the solutions to the stochastic heat equation are ”almost”
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1

4
-Hölder continuous in time and ”almost”

1

2
-Hölder continuous in space.

We will need the following lemma for the proof of next theorem.

Lemma 3.5. For t ⩾ s ⩾ 0, we have∫ t

s

(t− r)α−1(r − s)−αdr =
π

sin(πα)
.

Proof. Consider the change of variable u =
r − s

t− s
, then (t− r) = (t− s)(1− u)

and (r − s) = (t− s)u. Thus,

I =

∫ 1

0

(1− u)α−1u−αdu = B(α, 1− α) =
Γ(α)Γ(1− α)

Γ(1)
=

π

sin(πα)
.

This completes the proof.

The next theorem shows that the mild solution to (3.1) has continuous sam-

ple paths under suitable assumptions.

Theorem 3.6. Let H and K be separable Hilbert spaces, let L be the generator

of a C0-semigroup on H, let Q : K → H be a bounded operator, and let W be a

cylindrical Wiener process on K. Assume furthermore that ∥S(t)Q∥HS < ∞ for

every t > 0 and that there exists α ∈
(
0, 1

2

)
such that

∫ 1

0

t−2α∥S(t)Q∥2HS dt < ∞.

Then the solution x to (3.1) has almost surely continuous sample paths in H.

Proof. Fix T > 0 and define the random variable y : [0, T ]× Ω → H by

y(t) =

∫ t

0

(t− s)−αS(t− s)QdW (s).

We first establish several properties of y(t). First, we have E∥y(t)∥2 < ∞ for
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every t ∈ [0, T ]. Consider the estimate∫ T

0

r−2α∥S(r)Q∥2HS dr =

∫ 1

0

r−2α∥S(r)Q∥2HS dr +

∫ T

1

r−2α∥S(r)Q∥2HS dr

⩽ C1 +

∫ T

1

∥S(r)Q∥2HS dr

⩽ C1 + ∥S(1)Q∥2HS

∫ T−1

0

∥S(s)∥2 ds ⩽ C < ∞.

Now, by the Itô isometry,

E∥y(t)∥2 = E

∥∥∥∥∫ t

0

(t− s)−αS(t− s)QdW (s)

∥∥∥∥2
=

∫ t

0

(t− s)−2α∥S(t− s)Q∥2HS ds

=

∫ t

0

u−2α∥S(u)Q∥2HS du ⩽ C.

As a consequence, we claim that for every p > 0 there exists Cp > 0 such that

E

∫ T

0

∥y(t)∥p dt ⩽ Cp.

Indeed, by Corollary 1.10 of Fernique’s theorem,

E∥y(t)∥p ⩽ Cp

(
E[∥y(t)∥]

)p
⩽ Cp

(
E∥y(t)∥2

)p/2
⩽ C ′

p.

This is enough to proves the claim.

Now we are ready to prove that x(t) has almost surely continuous sample

paths. We will use the factorization method. Note that by Lemma 3.5

x(t) = S(t)x0 +

∫ t

0

S(t− s)QdW (s)

= S(t)x0 +
sin(πα)

π

∫ t

0

∫ t

s

(t− r)α−1(r − s)−αS(t− s)QdW (s) dr

= S(t)x0 +
sin(πα)

π

∫ t

0

S(t− r)

(∫ r

0

(r − s)−αS(r − s)QdW (s)

)
(t− r)α−1 dr

= S(t)x0 +
sin(πα)

π

∫ t

0

(t− r)α−1S(t− r)y(r) dr.
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Consider the map y 7→ Fy defined by

Fy(t) =

∫ t

0

(t− r)α−1S(t− r)y(r) dr.

If we can show that there exists p > 0 such that Fy maps Lp([0, T ],H) into

C([0, T ],H), then the proof is complete, since we have shown that y ∈ Lp([0, T ],H)

for every p > 0.

Pick any p >
1

α
and let q be its dual exponent

(
so q ∈

(
1,

1

1− α

))
. By

Hölder’s inequality,

∥Fy(t)∥ ⩽ MT

∫ t

0

(t− r)α−1∥y(r)∥ dr

⩽ MT

(∫ t

0

(t− r)q(α−1) dr

)1/q (∫ t

0

∥y(r)∥p dr
)1/p

⩽ CT ∥y∥Lp([0,T ],H).

This shows that Fy : Lp([0, T ],H) → L∞([0, T ],H) is a bounded operator.

Since continuous functions are dense in Lp([0, T ],H), it suffices to prove

continuity for continuous y(t) with y(0) = 0. Fix such a y(t). To show right

continuity, note that for h > 0 small enough,

∥Fy(t+ h)− Fy(t)∥ ⩽
∫ t

0

∥∥(t+ h− r)α−1S(h)− (t− r)α−1
∥∥ ∥S(t− r)∥ ∥y(r)∥ dr

+

∫ t+h

t

(t+ h− r)α−1 ∥S(t+ h− r)∥ ∥y(r)∥ dr.

The second integral can be bounded by

I2 ⩽ M

∫ t+h

t

(t+ h− r)α−1 dr

⩽ M

∫ h

0

sα−1 ds =
M

α
hα → 0, as h → 0.

To bound the first integral, note that for h small enough,

Ah(r) :=
∥∥(t+ h− r)α−1S(h)− (t− r)α−1

∥∥ ⩽ C ′(t− r)α−1,
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which is integrable on [0, t]. Moreover,

Ah(r) ⩽ (t+ h− r)α−1∥S(h)− I∥+
∣∣(t+ h− r)α−1 − (t− r)α−1

∣∣ ,
and the right-hand side tends to 0 as h → 0 for each fixed r < t. By the

dominated convergence theorem, the first integral also tends to 0 as h → 0. This

proves right continuity. Left continuity can be shown similarly. This completes

the proof.

We now give a general result that tells us precisely in which interpolation

space one can expect to find the solution to a linear SPDE associated with an

analytic semigroup.

Theorem 3.7. Consider a linear SPDE on a Hilbert space H. Assume that L

generates an analytic semigroup, and denote by Hα the corresponding interpola-

tion spaces. Suppose that there exists α ⩾ 0 such that Q : K → Hα is bounded,

and that there exists β ∈
(
0,

1

2
+ α

]
such that

∥∥(−L)−β
∥∥
HS

< ∞. Then the

solution x takes values in Hγ for every γ < γ0 = 1
2 + α− β.

Proof. Recall that the solution has the mild form

x(t) = S(t)x0 +

∫ t

0

S(t− s)QdW (s).

Since S(t) mapsH intoHγ for every γ ⩾ 0, it suffices to show that the stochastic

convolution takes values in Hγ for every γ < γ0. For this purpose, we will show

that for every T > 0 and every γ < γ0, one has

E

∥∥∥∥∥(−L)γ
∫ T

0

S(T − s)QdW (s)

∥∥∥∥∥
2

< ∞.

By the Itô isometry, it is enough to show that

I(T ) := E

∥∥∥∥∥(−L)γ
∫ T

0

S(T − s)QdW (s)

∥∥∥∥∥
2

=

∫ T

0

∥(−L)γS(T − s)Q∥2HS ds

=

∫ T

0

∥(−L)γS(s)Q∥2HS ds < ∞.
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Now note that Q : K → Hα is bounded by assumption, so ∥(−L)αQ∥ < ∞.

Hence

I(T ) ⩽ C

∫ T

0

∥(−L)γ−αS(s)∥2HS ds

⩽ C

∫ T

0

∥(−L)γ−α+βS(s)∥2 ds.

The last inequality follows from the assumption that (−L)−β is Hilbert–Schmidt.

By the theory of interpolation spaces, if γ − α+ β ⩽ 0, then

∥(−L)γ−α+βS(s)∥ ⩽ C.

On the other hand, if γ − α+ β > 0, then

∥(−L)γ−α+βS(s)∥ ⩽ C s−(γ−α+β) = C sα−γ−β .

Therefore, in this case the integrand is bounded by Cs2(α−γ−β), which is inte-

grable near 0 provided

2(α− γ − β) > −1 ⇐⇒ γ <
1

2
+ α− β.

This concludes the proof.

The next example shows that the solution to the stochastic heat equation

lies in the Sobolev space Hs for every s < 1
2 .

Example 3.8. Consider the stochastic heat equation on [0, 1] with periodic

boundary conditions (driven by space-time white noise),

dx = ∆x dt+ dW,

whereW is a cylindrical Wiener process on L2([0, 1]). We claim that the solution

lies in the fractional Sobolev space Hs for every s < 1
2 .

We apply Theorem 3.7 withH = K = L2([0, 1]). In this case, L = ∆, Q = Id,

and α = 0. Fix any β > 1
4 . Consider the orthonormal basis ek(x) = ei2πkx of

L2([0, 1]). Then for each nonzero k ∈ Z,

−∆ek = (2π|k|)2ek.
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Since ∆ is self-adjoint, the spectral theorem yields

(−∆)−βek = (2π|k|)−2βek.

Therefore,

∥(−∆)−β∥2HS =
∑
k∈Z

∥(−∆)−βek∥2 ⩽ C
∑

k∈Z\{0}

|k|−4β < ∞.

Thus, by Theorem 3.7, the solution takes values in Hγ = H2γ for every γ <

γ0 = 1
2 − β. Letting β ↓ 1

4 proves the claim.

By adding a smoothing perturbation to the stochastic heat equation, one

can obtain solutions with higher regularity.

Example 3.9. Consider the following modified stochastic heat equation on

[0, 1] with periodic boundary conditions:

dx = ∆x dt+ (1−∆)−γ dW,

where W is a cylindrical Wiener process on L2([0, 1]). We claim that x takes

values in Hs for every s < 1
2 + 2γ.

Let us first show that Q = (1−∆)−γ is bounded from L2([0, 1]) to H2γ . For

each k ∈ Z, we have

−∆ek(x) = (2πk)2ek(x).

By the spectral calculus, this implies

(1−∆)−γek(x) = (1 + 4π2k2)−γek(x).

For any f ∈ L2([0, 1]), write its Fourier series as

f(x) =
∑
k∈Z

f̂kek(x).

Then

(1−∆)−γf(x) =
∑
k∈Z

f̂k(1 + 4π2k2)−γek(x).
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Computing the H2γ norm of (1−∆)−γf , we obtain

∥(1−∆)−γf∥2H2γ =
∑
k∈Z

|f̂k|2
(1 + k2)2γ

(1 + 4π2k2)2γ
⩽ C

∑
k∈Z

|f̂k|2 = C∥f∥2L2 .

Thus Q is bounded from L2([0, 1]) to H2γ , i.e. α = γ in Theorem 3.7.

By the same computation as in the Example 3.8, for any β >
1

4
we have

∥(−∆)−β∥HS < ∞.

Therefore, Theorem 3.7 implies that the solution takes values in Hρ = H2ρ for

every

ρ < ρ0 =
1

2
+ γ − β.

Letting β ↓ 1

4
yields that the solution takes values in Hs for every

s <
1

2
+ 2γ.

This completes the proof.

Now, using the spatial regularity, we can deduce time regularity of the solu-

tion.

Theorem 3.10. Consider the same setting as in Theorem 3.7 and fix γ < γ0.

Then, for every t > 0, the process x is almost surely δ-Hölder continuous in Hγ

for every

δ < min

{
1

2
, γ0 − γ

}
.

Proof. Let us first consider the case γ0−γ ⩽ 1
2 . For γ ⩽ γ̃ < γ0, if we can show

that for any fixed interval [t0, T ] and any s, t in that interval,

E∥x(t)− x(s)∥2γ ⩽ C|t− s|2(γ̃−γ),

then

E∥x(t)− x(s)∥γ ⩽ C1/2|t− s|γ̃−γ .

Kolmogorov’s continuity theorem then implies that x is almost surely δ-Hölder

continuous in Hγ for every δ < γ̃ − γ. Letting γ̃ ↑ γ0 yields the desired result.
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Now, for t > s, we have∫ t

0

S(t− r)QdW (r) =

∫ s

0

S(t− r)QdW (r) +

∫ t

s

S(t− r)QdW (r)

= S(t− s)

∫ s

0

S(s− r)QdW (r) +

∫ t

s

S(t− r)QdW (r)

= S(t− s)(x(s)− S(s)x0) +

∫ t

s

S(t− r)QdW (r)

= S(t− s)x(s)− S(t)x0 +

∫ t

s

S(t− r)QdW (r).

Thus,

x(t) = S(t− s)x(s) +

∫ t

s

S(t− r)QdW (r).

Therefore,

E∥x(t)− x(s)∥2γ = E∥S(t− s)x(s)− x(s)∥2γ +E

∥∥∥∥∫ t

s

(−L)γS(t− r)QdW (r)

∥∥∥∥2
= E∥S(t− s)x(s)− x(s)∥2γ +

∫ t−s

0

∥(−L)γS(r)Q∥2HS dr.

By the theory of interpolation spaces, we have

∥S(t− s)x(s)− x(s)∥γ = ∥(S(t− s)− I)(−L)γx(s)∥

= |t− s|γ̃−γ ∥(−L)γx(s)∥γ̃−γ

⩽ C|t− s|γ̃−γ ∥x(s)∥γ̃ .

Hence

E∥S(t− s)x(s)− x(s)∥2γ ⩽ C|t− s|2(γ̃−γ)E∥x(s)∥2γ̃ ⩽ C|t− s|2(γ̃−γ).

The last inequality follows from Theorem 3.7.

Next, we estimate the second term by the same trick as in Theorem 3.7:

∥(−L)γS(r)Q∥HS = ∥(−L)γ−αS(r)(−L)αQ∥HS

⩽ C∥(−L)γ−αS(r)∥HS

⩽ C∥(−L)−β(−L)γ−α+βS(r)∥HS

⩽ C∥(−L)γ−α+βS(r)∥.
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Recall that γ − α + β = −(γ0 − γ) + 1
2 ⩾ 0 in the present case. By the theory

of interpolation spaces,

∥(−L)γS(r)Q∥HS ⩽ Crγ0−γ− 1
2 .

Therefore,∫ t−s

0

∥(−L)γS(r)Q∥2HS dr ⩽ C

∫ t−s

0

r2(γ0−γ)−1 dr = C|t− s|2(γ0−γ).

Combining the two terms, we obtain

E∥x(t)− x(s)∥2γ ⩽ C|t− s|2(γ̃−γ) + C|t− s|2(γ0−γ) ⩽ C|t− s|2(γ̃−γ).

The last inequality uses the fact that we work on a compact interval [t0, T ] and

γ̃ − γ < γ0 − γ.

Now, let us consider the case γ0 − γ > 1
2 . If we can show that for any fixed

interval [t0, T ] and any s, t in that interval,

E∥x(t)− x(s)∥2γ ⩽ C|t− s|,

then

E∥x(t)− x(s)∥γ ⩽ C1/2|t− s| 12 .

Kolmogorov’s continuity theorem then implies that x is almost surely δ-Hölder

continuous in Hγ for every δ < 1
2 .

As before, for t > s we use

x(t) = S(t− s)x(s) +

∫ t

s

S(t− r)QdW (r),

so

E∥x(t)− x(s)∥2γ = E∥S(t− s)x(s)− x(s)∥2γ +

∫ t−s

0

∥(−L)γS(r)Q∥2HS dr.

By the theory of interpolation spaces,

∥S(t− s)x(s)− x(s)∥γ = ∥(S(t− s)− I)(−L)γx(s)∥ ⩽ C|t− s|1/2 ∥x(s)∥γ+ 1
2
.
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Hence

E∥S(t− s)x(s)− x(s)∥2γ ⩽ C|t− s|E∥x(s)∥2γ+ 1
2
⩽ C|t− s|,

where the last inequality follows from Theorem 3.7.

For the second term, we again write

∥(−L)γS(r)Q∥HS ⩽ C∥(−L)γ−α+βS(r)∥.

Now γ − α + β = −(γ0 − γ) + 1
2 ⩽ 0 in this case, so the interpolation theory

yields

∥(−L)γ−α+βS(r)∥ ⩽ C.

Therefore, ∫ t−s

0

∥(−L)γS(r)Q∥2HS dr ⩽ C|t− s|.

Combining both estimates gives

E∥x(t)− x(s)∥2γ ⩽ C|t− s|.

This completes the proof.

3.2 Markov semigroups and invariant measures

In this subsection, we introduce the notions of Markov semigroups and invariant

measures associated with solutions to the linear SPDEs (3.1). Throughout, we

denote by Bb(B) the space of bounded measurable functions from a Banach

space B to R.

Definition 3.11. Consider a family of operators Pt : Bb(B) → Bb(B) defined
by

(Ptφ) (x) = Eφ

(
S(t)x+

∫ t

0

S(t− s)QdW (s)

)
.

The family {Pt}t⩾0 is called theMarkov semigroup associated with the SPDE

du = Ludt+QdW (t).

The operators Pt are called Markov operators.

If we denote the law of the solution to (3.1) at time t with initial condition
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x by Pt(x, ·), then the Markov operator can be written as

(Ptφ) (x) =

∫
B
φ(y)Pt(x, dy).

On the other hand, we can define the dual semigroup P∗
t acting on probability

measures on B by

(P∗
t µ) (A) =

∫
B
Pt(x,A)µ(dx).

This is precisely the law of the solution to (3.1) at time t when the initial

condition is distributed according to µ.

We have the following dual formulation:

Theorem 3.12 (Duality identity). For every t ⩾ 0, φ ∈ Bb(B), and every

probability measure µ on B, we have∫
B
(Ptφ)(x)µ(dx) =

∫
B
φ(x) (P∗

t µ)(dx).

Proof. Let X0 be a random variable with law µ, independent of the Wiener

process W , and set

Xt = S(t)X0 +

∫ t

0

S(t− s)QdW (s).

By definition of P∗
t µ, the law of Xt is exactly P∗

t µ. Hence∫
B
φ(x) (P∗

t µ)(dx) = E
[
φ(Xt)

]
.

By the definition of Pt, we also have

E
[
φ(Xt) | X0

]
= (Ptφ)(X0).

Taking expectations on both sides yields

E
[
φ(Xt)

]
=

∫
B
(Ptφ)(x)µ(dx),

which proves the desired identity.

Now, we can define the invariant measure associate to the linear SPDE (3.1)

Definition 3.13. A probability measure µ on B is called an invariant mea-
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sure for the linear SPDE (3.1) if for every t ⩾ 0, we have

P∗
t µ = µ,

where P∗
t is the dual Markov semigroup associated to the linear SPDE (3.1).

Consider (3.1) with solutions in a Hilbert spaceH. We prove some equivalent

conditions for the existence of invariant measures for linear SPDEs. We start

with a lemma.

Lemma 3.14. For every t ⩾ 0, define the self-adjoint operator Qt : H → H by

Qt =

∫ t

0

S(s)QQ∗S∗(s) ds.

Then for every invariant measure µ on H, we have

µ̂(x) = µ̂ (S∗(t)x) e−
1
2 ⟨x,Qtx⟩.

Proof. First, we compute P̂∗
t µ(x). Let φx(y) = ei⟨x,y⟩ be the complex exponen-

tial function. Then

P̂∗
t µ(x) =

∫
H
ei⟨x,y⟩ (P∗

t µ)(dy) =

∫
H
φx(y) (P∗

t µ)(dy) =

∫
H
(Ptφx)(y)µ(dy).

By definition of Pt, we have

(Ptφx)(y) = E
[
φx

(
S(t)y +

∫ t

0

S(t− s)QdW (s)

)]
= E

[
exp
(
i
〈
x, S(t)y +

∫ t

0

S(t− s)QdW (s)
〉)]

= exp
(
i⟨S∗(t)x, y⟩

)
E
[
exp
(
i
〈
x,

∫ t

0

S(t− s)QdW (s)
〉)]

.

Since
〈
x,
∫ t

0
S(t− s)QdW (s)

〉
is a real-valued Gaussian random variable with
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mean zero and variance

E
∣∣∣∣〈x,∫ t

0

S(t− s)QdW (s)

〉∣∣∣∣2 = E
∣∣∣∣∫ t

0

⟨Q∗S∗(t− s)x, dW (s)⟩
∣∣∣∣2

=

∫ t

0

∥Q∗S∗(t− s)x∥2 ds

=

∫ t

0

∥Q∗S∗(s)x∥2 ds

= ⟨x,Qtx⟩,

we obtain

(Ptφx)(y) = ei⟨S
∗(t)x,y⟩ e−

1
2 ⟨x,Qtx⟩.

Therefore,

P̂∗
t µ(x) =

∫
H
ei⟨S

∗(t)x,y⟩ e−
1
2 ⟨x,Qtx⟩ µ(dy) = µ̂ (S∗(t)x) e−

1
2 ⟨x,Qtx⟩.

Using P∗
t µ = µ, this completes the proof.

The following theorem characterises the invariant measure of the linear

SPDE (3.1).

Theorem 3.15. Consider (3.1) with solutions in a Hilbert space H and define

the self-adjoint operator Qt : H → H by

Qt =

∫ t

0

S(s)QQ∗S∗(s) ds.

Then there exists an invariant measure µ for (3.1) if and only if one of the

following two equivalent conditions holds:

(i) There exists a positive definite trace class operator Q∞ : H → H such that

2Re ⟨Q∞L∗x, x⟩+ ∥Q∗x∥2 = 0

for every x ∈ D (L∗).

(ii) One has supt>0 trQt < ∞.

Proof. We first show that the existence of an invariant measure implies (ii), then

that (ii) implies (i), and finally that (i) implies the existence of an invariant

measure.
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We first show the existence of an invariant measure implies (ii). By Lemma 3.14,

we have

µ̂(x) = µ̂ (S∗(t)x) e−
1
2 ⟨x,Qtx⟩.

Since |µ̂(x)| ⩽ 1 for every x ∈ H, we obtain

|µ̂(x)| ⩽ e−
1
2 ⟨x,Qtx⟩.

Taking logarithms yields

⟨x,Qtx⟩ ⩽ −2 log |µ̂(x)|.

Now we bound |µ̂(x)| from below. Choose R > 0 such that µ(∥y∥ > R) ⩽ 1
8 .

Then

|1− µ̂(x)| =
∣∣∣∣∫

H

(
1− ei⟨x,y⟩

)
µ(dy)

∣∣∣∣
⩽
∫
∥y∥⩽R

|1− ei⟨x,y⟩|µ(dy) +
∫
∥y∥>R

|1− ei⟨x,y⟩|µ(dy)

⩽
∫
∥y∥⩽R

|⟨x, y⟩|µ(dy) + 2µ(∥y∥ > R)

⩽

(∫
∥y∥⩽R

|⟨x, y⟩|2µ(dy)

)1/2

+
1

4
.

Define a symmetric positive definite operator AR : H → H by

⟨x,ARx⟩ =
∫
∥y∥⩽R

|⟨y, x⟩|2µ(dy).

Note that AR is trace class since

trAR =

∞∑
n=1

⟨en, ARen⟩ =
∞∑

n=1

∫
∥y∥⩽R

|⟨yen⟩|2µ(dy) =
∫
∥y∥⩽R

∥y∥2µ(dy) ⩽ R2.

If x ∈ H satisfies ⟨x,ARx⟩ ⩽
1

4
, then

|µ̂(x)| ⩾ 1− |1− µ̂(x)| ⩾ 1

4
,
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this implies that

⟨x,Qtx⟩ ⩽ −2 log |µ̂(x)| ⩽ −2 log
1

4
= 2 log 4.

For arbitrary x ∈ H, set x̃ =
x

2
√

⟨x,ARx⟩
. Then ⟨x̃, ARx̃⟩ =

1

4
, and hence

⟨x,Qtx⟩ ⩽ 4 ⟨x̃, Qtx̃⟩ ⟨x,ARx⟩ ⩽ 8 log 4 ⟨x,ARx⟩.

Applying this with x = en and summing over n, we obtain

trQt =

∞∑
n=1

⟨en, Qten⟩ ⩽ 8 log 4

∞∑
n=1

⟨en, ARen⟩ = 8 log 4 trAR ⩽ 8R2 log 4.

Therefore supt>0 trQt < ∞, which proves (ii).

Now, we show that (ii) implies (i). The assumption supt>0 trQt < ∞ implies

that the limit

Q∞ = lim
t→∞

Qt =

∫ ∞

0

S(s)QQ∗S∗(s) ds

is a well-defined positive definite trace class operator. Moreover, for every x ∈
D (L∗),

⟨x,Q∞x⟩ =
∫ ∞

0

∥Q∗S∗(s)x∥2 ds

=

∫ t

0

∥Q∗S∗(s)x∥2 ds+

∫ ∞

t

∥Q∗S∗(s)x∥2 ds.

Changing variables s 7→ s+ t in the second term yields

⟨x,Q∞x⟩ =
∫ t

0

∥Q∗S∗(s)x∥2 ds+

∫ ∞

0

∥Q∗S∗(s)S∗(t)x∥2 ds

=

∫ t

0

∥Q∗S∗(s)x∥2 ds+ ⟨S∗(t)x,Q∞S∗(t)x⟩ .

Differentiating with respect to t gives

0 = ∥Q∗S∗(t)x∥2 + ⟨L∗S∗(t)x,Q∞S∗(t)x⟩+ ⟨S∗(t)x,Q∞L∗S∗(t)x⟩.

Evaluating at t = 0, we obtain

0 = ∥Q∗x∥2 + ⟨L∗x,Q∞x⟩+ ⟨x,Q∞L∗x⟩.
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Since Q∞ is self-adjoint, this becomes

0 = ∥Q∗x∥2 + 2Re ⟨Q∞L∗x, x⟩ ,

which is (i).

Now, we show (i) implies existence of an invariant measure. For x ∈ D(L∗),

define

Fx(t) = ⟨S∗(t)x,Q∞S∗(t)x⟩.

Then Fx is differentiable with

d

dt
Fx(t) = 2Re ⟨L∗S∗(t)x,Q∞S∗(t)x⟩ = −∥Q∗S∗(t)x∥2 .

Integrating from 0 to t yields

⟨S∗(t)x,Q∞S∗(t)x⟩ = ⟨x,Q∞x⟩ −
∫ t

0

∥Q∗S∗(s)x∥2 ds

= ⟨x,Q∞x⟩ − ⟨x,Qtx⟩.

Hence

⟨x,Q∞x⟩ = ⟨x,Qtx⟩+ ⟨S∗(t)x,Q∞S∗(t)x⟩ = ⟨x,
(
Qt + S(t)Q∞S∗(t)

)
x⟩.

Let µ∞ be the centred Gaussian measure with covariance operator Q∞, so

that

µ̂∞(x) = e−
1
2 ⟨x,Q∞x⟩.

Then for every t ⩾ 0,

P̂∗
t µ∞(x) = µ̂∞ (S∗(t)x) e−

1
2 ⟨x,Qtx⟩

= e−
1
2 ⟨S

∗(t)x,Q∞S∗(t)x⟩ e−
1
2 ⟨x,Qtx⟩

= e−
1
2 ⟨x,(S(t)Q∞S∗(t)+Qt)x⟩

= e−
1
2 ⟨x,Q∞x⟩

= µ̂∞(x).

Therefore P∗
t µ∞ = µ∞ for every t ⩾ 0, so µ∞ is an invariant measure. This

completes the proof.

Now, we want to characterise all invariant measures for the linear SPDE

99



(3.1). We need the following lemmas for that.

Lemma 3.16. Let µt be the centered Gaussian measure with covariance oper-

ator

Qt =

∫ t

0

S(s)QQ∗S∗(s) ds.

Then {µt}t>0 is tight.

Proof. We claim that there exists a sequence of bounded linear operators {An}∞n=1

on H such that

(i) One has ∥An+1x∥ ⩾ ∥Anx∥ for every x ∈ H and every n ∈ N.

(ii) The set BR = {x : supn ∥Anx∥ ⩽ R} is compact for every R > 0.

(iii) One has supn tr(AnQtA
∗
n) < ∞.

Assume the claim for the moment. Let Yt be a random variable with distribution

µt. Then

E∥AnYt∥2 =

∞∑
k=1

E|⟨AnYt, ek⟩|2

=

∞∑
k=1

E|⟨Yt, A
∗
nek⟩|2

=

∞∑
k=1

⟨A∗
nek, QtA

∗
nek⟩

= tr(AnQtA
∗
n) < ∞.

Thus, by Chebyshev’s inequality,

P(∥AnYt∥ > R) ⩽
E∥AnYt∥2

R2
⩽

C

R2
.

By definition of BR,

µt(H \BR) = P

(
sup
n

∥AnYt∥ > R

)
⩽ P(∥AnYt∥ > R) ⩽

C

R2
.

This shows the tightness of the family {µt}t>0.

It remains to prove the claim. Since Qt is self-adjoint, positive, and trace

class on H, the spectral theorem for compact self-adjoint operators yields an

orthonormal basis {en}∞n=1 of H consisting of eigenvectors of Qt, with corre-

sponding eigenvalues {λn}∞n=1, such that:
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(i) λn ⩾ 0 for every n ∈ N,

(ii) λn → 0 as n → ∞,

(iii) since Qt is trace class,
∑∞

n=1 λn = tr(Qt) < ∞.

We choose a sequence of positive numbers {an}∞n=1 such that

∞∑
n=1

anλn < ∞, lim
n→∞

an = ∞.

Let N0 = 1 and, for m ⩾ 0, let Nm+1 be the smallest integer such that

∞∑
k=Nm+1

λk ⩽ 2−(m+1).

Define an = m+ 1 for every Nm ⩽ n < Nm+1. Then an → ∞ as n → ∞, and

∞∑
n=1

anλn =

∞∑
m=0

Nm+1−1∑
k=Nm

akλk ⩽
∞∑

m=0

(m+ 1)

∞∑
k=Nm

λk ⩽
∞∑

m=0

(m+ 1)2−m < ∞.

Now define {An}∞n=1 on H by

Anek =


√
ak ek, k ⩽ n,

0, k > n.

For h ∈ H with expansion h =
∑∞

k=1 hkek, we have

Anh =

n∑
k=1

√
ak hkek.

It is immediate that ∥An+1h∥ ⩾ ∥Anh∥ for every h ∈ H and n ∈ N. Moreover,

for every R > 0,

BR =

{
h ∈ H : sup

n
∥Anh∥ ⩽ R

}
=

{
h ∈ H :

∞∑
k=1

ak|hk|2 ⩽ R2

}
,

which is a compact subset of H.
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Finally, since An = A∗
n and Qtek = λkek, we have

AnQtA
∗
nek =

akλkek, k ⩽ n,

0, k > n.

Thus,

tr(AnQtA
∗
n) =

n∑
k=1

⟨ek, AnQtA
∗
nek⟩ =

n∑
k=1

akλk ⩽
∞∑
k=1

akλk < ∞,

and taking the supremum over n yields

sup
n

tr(AnQtA
∗
n) ⩽

∞∑
k=1

akλk < ∞.

This proves the claim and completes the proof.

Lemma 3.17. Let µ be an invariant measure for the linear SPDE (3.1), and

set

µt = S(t)#µ.

Then the family of measures {µt}t>0 is tight.

Proof. Fix t > 0. Let x0 be a random variable with distribution µ. By invariance

of µ, the law of x(t) is also µ. By the mild formulation,

x(t) = S(t)x0 +

∫ t

0

S(t− s)QdW (s).

Let X, Y , and Z be random variables with distributions µt, νt, and µ, respec-

tively, where νt denotes the law of∫ t

0

S(t− s)QdW (s).

Then

Z
d
= X + Y,

with X and Y independent.

Pick any ε > 0 and choose a compact set K̂ such that µ(H \ K̂) < ε. By

Lemma 3.16, the family {νt}t>0 is tight, so there exists a compact set BR such
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that for every t > 0,

νt(H \BR) < ε.

Define

K = {z − y : z ∈ K̂, y ∈ BR}.

Then K is compact in H. Since {Z ∈ K̂} ∩ {Y ∈ BR} ⊂ {X ∈ K}, we obtain

µt(H \K) = P(X /∈ K) ⩽ P(Z /∈ K̂) +P(Y /∈ BR) ⩽ 2ε.

This shows that the family {µt}t>0 is tight.

The next theorem gives an exact characterisation of invariant measures for

the linear SPDE (3.1).

Theorem 3.18. Any invariant measure of the linear SPDE (3.1) is of the form

ν ⋆ µ∞, where ν is a measure on H that is invariant under the action of the

semigroup S, and µ∞ is the centred Gaussian measure with covariance Q∞.

Proof. We first prove that any measure of the form ν ⋆ µ∞ is invariant. By

Lemma 3.14, we have

̂P ∗
t (ν ⋆ µ∞)(h) = ν̂ ⋆ µ∞(S∗(t)h) exp

(
−1

2
⟨h, Qth⟩

)
= ν̂(S∗(t)h)µ̂∞(S∗(t)h) exp

(
−1

2
⟨h, Qth⟩

)
= ν̂(S∗(t)h) µ̂∞(h).

By the assumption that ν is invariant under S(t),

ν̂(S∗(t)h) =

∫
H
ei⟨S

∗(t)h, x⟩ ν(dx) =

∫
H
ei⟨h, S(t)x⟩ ν(dx) = ν̂(h).

Therefore,
̂P ∗

t (ν ⋆ µ∞)(h) = ν̂(h)µ̂∞(h) = ν̂ ⋆ µ∞(h),

which implies that ν ⋆ µ∞ is an invariant measure.

Now assume that µ is an invariant measure for the linear SPDE (3.1) and

define µt = S(t)#µ. Then

µ̂t(h) =

∫
H
ei⟨h, x⟩µt(dx) =

∫
H
ei⟨h, S(t)x⟩µ(dx) = µ̂(S∗(t)h).
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By Lemma 3.14 again,

µ̂t(h) = µ̂(h) exp

(
1

2
⟨h, Qth⟩

)
.

By Lemma 3.17, the family {µt}t>0 is tight. By Prokhorov’s theorem, along a

subsequence we have µt ⇒ ν for some probability measure ν. Since Qt → Q∞

in trace norm as t → ∞, it follows that

ν̂(h) = lim
t→∞

µ̂t(h) = µ̂(h) exp

(
1

2
⟨h, Q∞h⟩

)
.

In particular,

µ̂(h) = ν̂(h) exp

(
−1

2
⟨h,Q∞h⟩

)
= ν̂(h)µ̂∞(h) = ν̂ ⋆ µ∞(h),

so µ = ν ⋆ µ∞.

It remains to show that ν is invariant under the action of the semigroup

S(t). Note that

µt+s = S(t)#µs.

Taking characteristic functions on both sides yields

µ̂t+s(h) = µ̂s(S
∗(t)h).

Letting s → ∞ and using µs ⇒ ν, we obtain

ν̂(h) = ν̂(S∗(t)h) = Ŝ(t)#ν(h),

so ν is invariant under S(t). This completes the proof.

The last corollary gives a sufficient condition for the uniqueness of invariant

measures for the linear SPDE (3.1).

Corollary 3.19. If limt→∞ ∥S(t)x∥ = 0 for every x ∈ H, then the linear SPDE

(3.1) can have at most one invariant measure. Furthermore, if an invariant

measure µ∞ exists in this situation, then one has P∗
t ν → µ∞ weakly for every

probability measure ν on H.

Proof. By Theorem 3.18, any invariant measure µ has the form µ = ν ⋆ µ∞,

where ν is invariant under the action of the semigroup S(t). If we can show
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that the only measure invariant under S(t) is the Dirac measure δ0, then the

first part of the corollary follows immediately.

Let ν be a measure invariant under S(t) and pick any φ ∈ Bb(H). Then∫
H
φ(x) ν(dx) =

∫
H
φ(x) (S(t)#ν)(dx) =

∫
H
φ(S(t)x) ν(dx).

Taking t → ∞ on both sides and using the dominated convergence theorem, we

obtain ∫
H
φ(x) ν(dx) =

∫
H

lim
t→∞

φ(S(t)x) ν(dx) = φ(0),

so ν = δ0.

Now assume that an invariant measure µ∞ exists and fix any probability

measure ν on H. Let µt be the centered Gaussian measure with covariance

operator Qt. Then µt is the law of

Yt =

∫ t

0

S(t− s)QdW (s).

Since Qt → Q∞ in trace norm as t → ∞, we have that Yt converges in L2(Ω;H)

to the random variable

Y∞ =

∫ ∞

0

S(s)QdW (s),

so µt ⇒ µ∞ as t → ∞. By the same argument as above, we also have S(t)#ν ⇒
δ0 as t → ∞.

Moreover, P∗
t ν is the law of Xt + Yt, where Xt and Yt are independent

random variables with laws S(t)#ν and µt, respectively. Therefore,

P∗
t ν = (S(t)#ν) ⋆ µt.

Letting t → ∞ gives

P∗
t ν ⇒ δ0 ⋆ µ∞ = µ∞.

This completes the proof.

105



4 Semilinear SPDEs

In this section, we consider semilinear SPDEs of the form

dx = Lxdt+ F (x) dt+QdW (t), x(0) = x0 ∈ B, (4.1)

where x(t) is a B-valued stochastic process; L is the generator of a strongly con-

tinuous semigroup S(t) on B; F is a measurable map from some linear subspace

D(F ) ⊂ B to B; W is a cylindrical Wiener process on some Hilbert space K;

and Q : K → B is a bounded linear operator.

The solution of (4.1) is defined in the mild sense as follows:

Definition 4.1 (Mild solution). A stochastic process t 7→ x(t) ∈ D(F ) is called

a mild solution to (4.1) if the identity

x(t) = S(t)x0 +

∫ t

0

S(t− s)F (x(s)) ds+

∫ t

0

S(t− s)QdW (s) (4.2)

holds for every t > 0 almost surely.

Remark. For every λ ∈ R, if we replace (L,F ) by (L − λI, F + λI), then the

equation (4.1) does not change. Thus, the solution to (4.1) is invariant under

this transformation.

4.1 Local solutions

For convenience, throughout this subsection, we assume that the stochastic

integral

WL(t)
def
=

∫ t

0

S(t− s)QdW (s)

has continuous sample paths in B. It is possible that the solution to the SPDE

(4.1) blows up in finite time. In the case of SPDEs, the situation can be worse:

the blow-up time can even be random. To deal with these issues, we introduce

the notion of local solutions.

Let us denote the natural filtration associated to the Wiener process W by

{Ft}t⩾0 = {σ(W (s)−W (r) : 0 ⩽ r, s ⩽ t)}t⩾0.

Let us recall the definition of a stopping time with respect to the natural

filtration of W .
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Definition 4.2 (Stopping time). A positive random variable τ : Ω → (0,∞] is

called a stopping time with respect to {Ft} if for every fixed T > 0, the event

{τ ⩽ T} is FT -measurable.

Definition 4.3 (Local mild solution). A D(F )-valued stochastic process x(t)

together with a stopping time τ such that τ > 0 almost surely is called a local

mild solution to (4.1) if the identity

x(t) = S(t)x0 +

∫ t

0

S(t− s)F (x(s)) ds+

∫ t

0

S(t− s)QdW (s) (4.3)

holds for every stopping time t such that t < τ almost surely.

It is possible that (4.1) has multiple local mild solutions with different stop-

ping times. To deal with this issue, we introduce the notion of a maximal mild

solution.

Definition 4.4. A local mild solution (x, τ) to (4.1) is called a maximal mild

solution if for any other local mild solution (x̃, τ̃), we have τ̃ ⩽ τ almost surely.

We will need Banach’s fixed point theorem to prove the existence and unique-

ness of local mild solutions to (4.1).

Theorem 4.5 (Banach fixed point theorem). Let (X, d) be a complete metric

space and let T : X → X be a contraction map, i.e. there exists a constant

0 < c < 1 such that

d(Tx, Ty) ⩽ c d(x, y)

for every x, y ∈ X. Then there exists a unique fixed point x∗ ∈ X such that

Tx∗ = x∗.

Our first result on the existence and uniqueness of mild solutions to (4.1)

makes the rather restrictive assumption that the nonlinearity F is defined on

the whole space B and that it is locally Lipschitz there:

Theorem 4.6. Consider (4.1) on a Banach space B and assume that WL is a

continuous B-valued process. Assume furthermore that F : B → B is such that

its restriction to every bounded set is Lipschitz continuous. Then there exists

a unique maximal mild solution (x, τ) to (4.1). Furthermore, this solution has

continuous sample paths and one has limt↑τ ∥x(t)∥ = ∞ almost surely on the

set {τ < ∞}.
If F is globally Lipschitz continuous, then τ = ∞ almost surely.
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Proof. Without loss of generality, we may assume that the semigroup satisfies

∥S(t)∥ ⩽ M for all t ⩾ 0.

We will use the Banach fixed point theorem to prove local existence of mild

solutions. Given a fixed terminal time T > 0 and a continuous function g :

R+ → B, define the map Mg,T : C([0, T ],B) → C([0, T ],B) by

(Mg,Tu)(t) =

∫ t

0

S(t− s)F (u(s)) ds+ g(t).

Fix R > 0. We claim that for sufficiently small T > 0, the map Mg,T is a

contraction on the closed ball

BR,T (g) =

{
u ∈ C([0, T ],B) : sup

t∈[0,T ]

∥u(t)− g(t)∥ ⩽ R

}
.

First note that for any u ∈ BR,T (g) and any t ∈ [0, T ], we have

∥u(t)∥ ⩽ sup
t∈[0,T ]

∥g(t)∥tcp+R.

Let LR′ be the Lipschitz constant of F on the ball of radiusR′ = supt∈[0,T ] ∥g(t)∥+
R. For any u, v ∈ BR,T (g), one has

∥Mg,Tu(t)−Mg,T v(t)∥ ⩽
∫ t

0

∥S(t− s)∥ ∥F (u(s))− F (v(s))∥ ds

⩽ M

∫ t

0

∥F (u(s))− F (v(s))∥ ds,

so taking the supremum over t ∈ [0, T ] yields

sup
t∈[0,T ]

∥Mg,Tu(t)−Mg,T v(t)∥ ⩽ MT sup
t∈[0,T ]

∥F (u(t))− F (v(t))∥

⩽ MTLR′ sup
t∈[0,T ]

∥u(t)− v(t)∥.
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Similarly, one has

sup
t∈[0,T ]

∥Mg,Tu(t)− g(t)∥ ⩽ sup
t∈[0,T ]

∫ t

0

∥S(t− s)∥ ∥F (u(s))∥ ds

⩽ MT sup
t∈[0,T ]

∥F (u(t))∥

⩽ MT (LR′R′ + ∥F (0)∥) .

Now pick T > 0 small enough such that

MTLR′ =
1

2
,

MT (LR′R′ + ∥F (0)∥) ⩽ R.

ThenMg,T is a contraction map on BR,T (g), so by Banach’s fixed point theorem,

there exists a unique fixed point x∗ ∈ C([0, T ],B) such that Mg,Tx
∗ = x∗. Now

take

g(t) = S(t)x0 +WL(t).

Then

x∗(t) =

∫ t

0

S(t− s)F (x∗(s)) ds+ S(t)x0 +WL(t),

which means (x∗, T ) is a local mild solution to (4.1).

To construct a maximal mild solution, we iterate the local existence argu-

ment. First, using the fixed-point map Mg,T , we construct a mild solution on

[0, τ1). Then we use x(τ1) as a new initial condition and apply the same con-

struction on [τ1, τ1+τ2). This procedure can be continued as long as the solution

remains bounded.

If the solution blows up at some time τ(ω), then ∥x(t, ω)∥ becomes un-

bounded as t ↑ τ(ω). In particular, the solution cannot be contained in any

fixed bounded ball near τ(ω), and we can no longer apply the local fixed-point

argument to extend it beyond τ(ω).

On the other hand, if F is globally Lipschitz continuous, then Mg,T is a

contraction on C([0, T ],B) for all sufficiently small T , independently of the initial

condition. In this case, we can repeat the above argument on consecutive time

intervals to extend the solution for all times, so the maximal lifetime satisfies

τ = ∞ almost surely.
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By assuming that L generates an analytic semigroup on B and that F has

better regularity properties, we can obtain solutions taking values in more reg-

ular spaces.

Theorem 4.7. Let L generate an analytic semigroup on B (denote by Bα,

α ∈ R, the corresponding interpolation spaces) and assume that Q is such that

the stochastic convolution WL has almost surely continuous sample paths in Bα

for some α ⩾ 0. Assume furthermore that there exist γ ⩾ 0 and δ ∈ [0, 1) such

that, for every β ∈ [0, γ], the map F extends to a locally Lipschitz continuous

map from Bβ to Bβ−δ that, together with its local Lipschitz constant, grows at

most polynomially.

Then (4.1) has a unique maximal mild solution (x, τ) with x taking values

in Bβ for every β < β⋆
def
= α ∧ (γ + 1− δ).

Proof. To prove existence and uniqueness of a mild solution, we apply the same

strategy as in the previous theorem. The only difference is in the estimates

involving the semigroup S(t).

∥Mg,Tu(t)−Mg,T v(t)∥ ⩽
∫ t

0

∥S(t− s)
(
F (u(s))− F (v(s))

)
∥ ds

⩽ C

∫ t

0

(t− s)−δ ∥F (u(s))− F (v(s))∥−δ ds

⩽ CT 1−δ sup
t∈[0,T ]

∥F (u(t))− F (v(t))∥−δ.

Taking the supremum over t ∈ [0, T ] on both sides, we obtain

sup
t∈[0,T ]

∥Mg,Tu(t)−Mg,T v(t)∥ ⩽ CT 1−δ sup
t∈[0,T ]

∥F (u(t))− F (v(t))∥−δ.

Similarly, one has

sup
t∈[0,T ]

∥Mg,Tu(t)− g(t)∥ ⩽ sup
t∈[0,T ]

∫ t

0

∥S(t− s)F (u(s))∥ ds

⩽ C

∫ T

0

r−δ dr sup
t∈[0,T ]

∥F (u(t))∥−δ

⩽ CT 1−δ sup
t∈[0,T ]

∥F (u(t))∥−δ.

We then apply the local Lipschitz continuity of F again to obtain a unique

maximal local mild solution.
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In order to show that the solution x(t) takes values in Bβ for every t < τ

and every β < β⋆, we apply a bootstrapping argument, i.e. an induction on β.

For convenience, for a ∈ [0, 1), we denote

W a
L(t) =

∫ t

at

S(t− s)QdW (s).

Then one has the identity

WL(t) =

∫ at

0

S(t− s)QdW (s) +W a
L(t)

=

∫ at

0

S
(
t(1− a) + at− s

)
QdW (s) +W a

L(t)

= S
(
t(1− a)

) ∫ at

0

S(at− s)QdW (s) +W a
L(t)

= S
(
t(1− a)

)
WL(at) +W a

L(t).

Thus, if WL(t) is continuous with values in Bα, then W a
L(t) is also continuous

with values in Bα.

To continue, we need the following claim. Fix T > 0. For every β ∈ [0, β⋆),

there exist exponents pβ ⩾ 1, qβ ⩾ 0 and constants a ∈ (0, 1), C > 0 such that

the bound

∥x(t)∥β ⩽ Ct−qβ

(
1 + sup

s∈[at,t]

∥x(s)∥+ sup
0⩽s⩽t

∥W a
L(s)∥β

)pβ

(4.4)

holds almost surely for all t ∈ (0, T ].

If we can prove the claim, then since sups∈[at,t] ∥x(s)∥ < ∞ almost surely

for every t < τ , and sup0⩽s⩽t ∥W a
L(s)∥β < ∞ almost surely for every β < α,

the proof is complete.

When β = 0, we can take p0 = 1, q0 = 0, C = 1 and any a ∈ (0, 1), and we

have

∥x(t)∥ ⩽ 1 + sup
s∈[at,t]

∥x(s)∥+ sup
0⩽s⩽t

∥W a
L(s)∥.

Now we perform the induction step. Assume that the claim is true for some
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β = β0 ∈ [0, γ]. We show that it is also true for β = β0+ε for any ε ∈ (0, 1− δ),

provided we adjust the constants appearing in the bound (4.4) accordingly.

Then the induction implies that the bound holds for all β < γ + 1− δ, and the

claim follows.

By the mild formulation, it is easy to check that

x(t) = S
(
t(1− a)

)
x(at) +

∫ t

at

S(t− s)F (x(s)) ds+W a
L(t).

We want to bound ∥x(t)∥β0+ε. For the first term, by the smoothing property of

analytic semigroups, we have

∥S
(
t(1− a)

)
x(at)∥β0+ε ⩽ C

(
t(1− a)

)−ε∥x(at)∥β0
⩽ Ct−ε∥x(at)∥β0

,

where the constant C depends on ε and a. For the second term, we use the

growth assumption on F to obtain a constant C > 0 and an integer n ⩾ 1 such

that ∥∥∥∥∫ t

at

S(t− s)F (x(s)) ds

∥∥∥∥
β0+ε

⩽
∫ t

at

∥S(t− s)F (x(s))∥β0+ε ds

⩽ C

∫ t

at

(t− s)−(δ+ε)∥F (x(s))∥β0−δ ds

⩽ C

∫ t

at

(t− s)−(δ+ε)
(
1 + ∥x(s)∥nβ0

)
ds

⩽ Ct1−δ−ε

(
1 + sup

s∈[at,t]

∥x(s)∥nβ0

)

⩽ Ct−ε

(
1 + sup

s∈[at,t]

∥x(s)∥nβ0

)
.

Combining the bounds, we obtain

∥x(t)∥β0+ε ⩽ Ct−ε

(
1 + sup

s∈[at,t]

∥x(s)∥nβ0

)
+ ∥W a

L(t)∥β0+ε.
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Now, by the induction hypothesis,

1 + ∥x(s)∥nβ0
⩽ 1 +

(
Cs−qβ0

(
1 + sup

r∈[as,s]

∥x(r)∥+ sup
0⩽r⩽s

∥W a
L(r)∥β0

)pβ0
)n

⩽ C ′s−nqβ0

(
1 + sup

r∈[as,s]

∥x(r)∥+ sup
0⩽r⩽s

∥W a
L(r)∥β0

)npβ0

.

Plugging this bound into the previous inequality, we obtain

∥x(t)∥β0+ε ⩽ Ct−ε−nqβ0

(
1 + sup

r∈[a2t,t]

∥x(r)∥+ sup
0⩽r⩽t

∥W a
L(r)∥β0

)npβ0

+ ∥W a
L(t)∥β0+ε.

Since for every β < β⋆ ⩽ α, the assumption implies that W a
L(t) belongs to Bβ

continuously, there exists a constant C > 0 such that

∥W a
L(t)∥β0

⩽ C∥W a
L(t)∥β0+ε.

Adjusting the constant C accordingly, we obtain

∥x(t)∥β0+ε ⩽ Ct−ε−nqβ0

(
1 + sup

r∈[a2t,t]

∥x(r)∥+ sup
0⩽r⩽t

∥W a
L(r)∥β0+ε

)npβ0

.

By setting

pβ0+ε = npβ0 , qβ0+ε = ε+ nqβ0 ,

and replacing a by a2, we complete the induction step. Thus, the claim holds

for all β < β⋆, which concludes the proof.

4.2 Sobelev embedding theorem

Sobolev spaces play an important role in the study of semilinear SPDEs, since

they are interpolation spaces associated with many differential operators. In this

subsection, we state and prove some important properties of these spaces. We

conclude this section with the Sobolev embedding theorem, which states that

Sobolev spaces are continuously embedded into certain Lp spaces and spaces of

continuous functions.

To be specific, we work on the d-dimensional torus

Td = (R/2πZ)d = [0, 2π]d.
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Let L2(Td) be the space of square-integrable functions on Td with inner product

⟨u, v⟩ =
∫
Td

u(x)v(x) dx.

This is a Hilbert space with orthonormal basis given by

ek(x) =
1

(2π)d/2
ei⟨k,x⟩, k ∈ Zd.

For every u ∈ L2(Td), we can write

u(x) =
∑
k∈Zd

ukek(x),

where uk = ⟨u, ek⟩.We also have the Plancherel identity

∥u∥2L2(Td) =
∑
k∈Zd

|uk|2.

The fractional Sobolev spaces are defined as follows.

Definition 4.8 (Fractional Sobolev spaces on Td). For s ⩾ 0, the fractional

Sobolev space Hs(Td) is the subspace of functions u ∈ L2(Td) such that

∥u∥2Hs(Td) :=
∑
k∈Zd

(1 + |k|2)s|uk|2 < ∞.

For s < 0, we define Hs(Td) as the completion of L2(Td) under the norm above.

Theorem 4.9. First, for every s, t ⩾ 0 and every u ∈ Hs+t, we have the

identity

∥u∥Hs+t = ∥(1−∆)s/2u∥Ht .

In particular, for every s ⩾ 0 and every u ∈ Hs(Td), we have

∥u∥Hs(Td) = ∥(1−∆)s/2u∥L2(Td).
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Proof. This follows from the fact that

∥(1−∆)s/2u∥2Ht =

∥∥∥∥∥∑
k

(1 + |k|2)s/2ukek(x)

∥∥∥∥∥
2

Ht

=
∑
k

(1 + |k|2)s+t|uk|2

= ∥u∥2Hs+t .

Taking square roots on both sides completes the proof.

Now, let us apply Hölder’s inequality to obtain some useful results.

Theorem 4.10. Let A be a self-adjoint, positive definite operator on a Hilbert

space H. Then for every α ∈ [0, 1], we have

∥Aαu∥ ⩽ ∥Au∥α∥u∥1−α,

for every u ∈ D(Aα) ⊂ H.

Proof. The cases α = 0 and α = 1 are trivial. Now consider α ∈ (0, 1). By the

spectral theorem, we may assume that H = L2(M,µ) for some measure space

(M,µ) and that

(Au)(x) = φ(x)u(x),

for some non-negative measurable function φ : M → [0,∞). Thus, for every

u ∈ D(Aα), we have

∥Aαu∥2 =

∫
M

φ(x)2α|u(x)|2 dµ(x) =
∫
M

|φ(x)u(x)|2α|u(x)|2(1−α) dµ(x).

Applying Hölder’s inequality with p = 1
α and q = 1

1−α , we get

∥Aαu∥2 ⩽

(∫
M

|φ(x)u(x)|2 dµ(x)
)α(∫

M

|u(x)|2 dµ(x)
)1−α

= ∥φu∥2α∥u∥2(1−α)

= ∥Au∥2α∥u∥2(1−α).

Taking square roots on both sides completes the proof.

Now, we apply Theorem 4.10 to the operator A = (1−∆)
t−s
2 .
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Corollary 4.11. For any t > s and r ∈ [s, t], the bound

∥u∥t−s
Hr ⩽ ∥u∥r−s

Ht ∥u∥t−r
Hs

holds for every u ∈ Ht(Td).

Proof. We prove that

∥u∥Hr ⩽ ∥u∥
r−s
t−s

Ht ∥u∥
t−r
t−s

Hs .

Apply the Theorem 4.10 with

A = (1−∆)
t−s
2 , α =

r − s

t− s
.

Then

∥u∥Hr = ∥(1−∆)(r−s)/2u∥Hs

= ∥Aαu∥Hs

⩽ ∥Au∥αHs∥u∥1−α
Hs

= ∥u∥αHt∥u∥1−α
Hs .

This completes the proof.

Next, we embed the fractional Sobolev spaces into the space of bounded

functions.

Theorem 4.12. For every s > d
2 , we have the continuous embedding

Hs(Td) ↪→ L∞(Td).

In particular, there exists a constant C > 0 such that

∥u∥L∞(Td) ⩽ C∥u∥Hs(Td),

for every u ∈ Hs(Td).

Proof. By the Fourier series representation and the triangle inequality,

∥u∥L∞(Td) ⩽
∑
k∈Zd

|uk|.
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Applying the Cauchy–Schwarz inequality, we obtain

∑
k∈Zd

|uk| ⩽

∑
k∈Zd

(1 + |k|2)−s

1/2∑
k∈Zd

(1 + |k|2)s|uk|2
1/2

=

∑
k∈Zd

(1 + |k|2)−s

1/2

∥u∥Hs(Td).

Since s >
d

2
, the series

∑
k∈Zd(1 + |k|2)−s converges, which yields the desired

bound.

Now, we state the general Sobolev embeddings.

Theorem 4.13 (Sobolev embeddings). Let p ∈ [2,∞]. Then, for every s >
d

2
− d

p
, the space Hs

(
Td
)
is contained in Lp

(
Td
)
and there exists a constant

C such that ∥u∥Lp ⩽ C∥u∥Hs .

Proof. The case p = ∞ was proved above. Now consider p = 2. Recall that

H0(Td) = L2(Td), so the statement is trivial. Now, consider p ∈ (2,∞). Given

u ∈ Hs(Td) with s >
d

2
− d

p
, we divide the Fourier modes into blocks of dyadic

size. More concretely, let u(−1) = u0 and for every n ⩾ 0, let

u(n)(x) =
∑

2n⩽|k|<2n+1

ukek(x),

so that u =
∑

n⩾−1 u
(n). For every f ∈ L2(Td), we have the bound

∥f∥pLp =

∫
Td

|f(x)|p dx ⩽ ∥f∥p−2
L∞ ∥f∥2L2 .

Therefore, for every n ⩾ 0, we obtain

∥u(n)∥pLp ⩽ ∥u(n)∥p−2
L∞ ∥u(n)∥2L2 .
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By the definition of u(n), we have

∥u(n)∥2Hs =
∑

2n⩽|k|<2n+1

(1 + |k|2)s|uk|2

⩾ C22ns
∑

2n⩽|k|<2n+1

|uk|2

= C22ns∥u(n)∥2L2 ,

for some constant C > 0. Thus,

∥u(n)∥2L2 ⩽ C2−2ns∥u(n)∥2Hs .

Now, let s′ = d
2 + ε for some ε > 0. By the Sobolev embedding for p = ∞, we

have

∥u(n)∥L∞ ⩽ C∥u(n)∥Hs′

= C

 ∑
2n⩽|k|<2n+1

(1 + |k|2)s
′
|uk|2

1/2

⩽ C2n(s
′−s)

 ∑
2n⩽|k|<2n+1

(1 + |k|2)s|uk|2
1/2

= C2n(s
′−s)∥u(n)∥Hs .

Combining the bounds above, we get

∥u(n)∥Lp ⩽ C∥u(n)∥
p−2
p

L∞ ∥u(n)∥
2
p

L2 ⩽ C2n((s
′−s) p−2

p − 2s
p )∥u(n)∥Hs .

Now, note that the exponent of 2n equals

E = (s′ − s)
p− 2

p
− 2s

p
=

(
d

2
+ ε− s

)
p− 2

p
− 2s

p

=
d

2
− d

p
− s+O(ε).

Since ε can be chosen arbitrarily small and s > d
2 − d

p , we can choose ε small
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enough so that E < 0. Therefore,∑
n⩾−1

∥u(n)∥Lp ⩽ C
∑
n⩾−1

2nE∥u(n)∥Hs .

This yields ∥u∥Lp ⩽ C∥u∥Hs and completes the proof.

Finally, we show that fractional Sobolev spaces are included in spaces of

Hölder continuous functions.

Theorem 4.14. For every s >
d

2
, Hs(Td) is included in the space Cα(Td) of

Hölder continuous functions for every exponent α < s− d

2
.

Proof. We will show that for every u ∈ Hs(Td), one has

∥u∥Cα(Td) = sup
x̸=y

|u(x)− u(y)|
|x− y|α

< ∞.

First, for every x, y ∈ Td, we have

|u(x)− u(y)| =

∣∣∣∣∣∣
∑
k∈Zd

uk(ek(x)− ek(y))

∣∣∣∣∣∣ ⩽
∑
k∈Zd

|uk| |ek(x)− ek(y)|.

By the mean value theorem, for any θ, φ ∈ R,

|eiθ − eiφ| ⩽ |θ − φ|.

Thus,

|ek(x)− ek(y)| ⩽ min
(
2, |⟨k, x⟩ − ⟨k, y⟩|

)
⩽ min

(
2, |k| |x− y|

)
.

For any r ⩾ 0 and α ∈ (0, 1], since we have min(2, r) ⩽ 2rα, so

|u(x)− u(y)| ⩽
∑
k∈Zd

|uk|min
(
2, |k| |x− y|

)
⩽ 2|x− y|α

∑
k∈Zd

|uk| |k|α.

It therefore suffices to show that
∑
k∈Zd

|uk| |k|α < ∞.
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By the Cauchy–Schwarz inequality,

∑
k∈Zd

|uk| |k|α ⩽

∑
k∈Zd

(1 + |k|2)s|uk|2
1/2∑

k∈Zd

(1 + |k|2)−s|k|2α
1/2

= ∥u∥Hs(Td)

∑
k∈Zd

(1 + |k|2)−s|k|2α
1/2

.

Since 2s− 2α > d, the last series converges. This completes the proof.
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